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1. Introduction 



Let t be an algebraically closed field of characteristic zero. Toroidal varieties and mor- 
phisms of toroidal varieties over t are defined in [32], [1] and [S]. If X is nonsingular, then 
the choice of a SNC divisor on X makes X into a toroidal variety. 

Suppose that $ : X — > y is a dominant morphism of nonsingular t-varieties, and there 
is a SNC divisor Dy on Y such that Dx = ^^^{Dy) is a SNC divisor on X. Then $ 
is torodial (with respect to Dy and Dx) if and only if <I>*(r2y(log Dy)) is a subbundle 
of ^x( Dx) (Lemma 1.5 [l5]). A toroidal morphism can be expressed locally by 
monomials. All of the cases are written down for toroidal morphisms from a 3- fold to a 
surface in Lemma 19.3 |15j . 

The toroidalization problem is to determine, given a dominant morphism / : X — t- y of 
varieties, if there exists a commutative diagram 

X 4 y 

such that <I> and ^ are products of blow ups of nonsingular subvarieties, Xi and Yi are 
nonsingular, and there exist SNC divisors Dy^ on Yi and Dxi = f*{Dy^) on Xi such that 
/i is toroidal (with respect to and -Dy^). This is stated in Problem 6.2.1 of [5j. Some 
papers where related problems are considered are [1] and [35] . 

The toroidalization problem does not have a positive answer in positive characteristic 
p, even for maps of curves; t = + x'^^^ gives a simple example. 

In characteristic zero, the toroidalization problem has an affirmative answer if y is a 
curve and X has arbitrary dimension; this is really embedded resolution of hypersurface 
singularities, so follows from resolution of singularities ([23, and simplified proofs [7], [8], 
[18] , [22] , [23] , [31] and [H] ) . There are several proofs for the case of maps of a surface to 
a surface (some references are [3], [20] and Corollary 6.2.3 [5]). The case of a morphism 
from a 3-fold to a surface is proven in [15] , and the case of a morphism from a 3- fold to a 
3- fold is proven in [16] . 

The problem of toroidalization is a resolution of singularities type problem. When the 
dimension of the base is larger than one, the problem shares many of the complexities 
of resolution of vector fields ([38], [9], [36]) and of resolution of singularities in positive 
characteristic (some references are [T]. [2]. [28]. [TO]. [TT]. [T2]. [TT]. [21]. pi]. [25]. [M]. p9]. 
[30] . [31] . [33] . [39] . [40] . [6]). In particular, natural invariants do not have a "hypersurface 
of maximal contact" and are sometimes not upper semicontinuous. 
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Toroidalization, locally along a fixed valuation, is proven in all dimensions and relative 
dimensions in [13] and |14j . 

The proof of toroidalization of a dominant morphism from a 3-fold to a surface given 
in [15] consists of 2 steps. 

The first step is to prove "strong preparation" . Suppose that X is a nonsingular variety, 
5 is a nonsingular surface with a SNC divisor Ds, and f : X ^ S is a dominant morphism 
such that Dx = /"H-Cs) 

is a SNC divisor on X which contains the locus where / is not 
smooth. / is strongly prepared if /*(r2|(log Ds)) = IM. where Z C Ox is an ideal sheaf, 
and is a subbundle of log Dx) (Lemma 1.7 [E]). A strongly prepared morphism 
has nice local forms which are close to being toroidal (page 7 of [15j). 
Strong preparation is the construction of a commutative diagram 



where S is a nonsingular surface with a SNC divisor Ds such that Dx = f*{Ds) is a 
SNC divisor on the nonsingular variety X which contains the locus where / is not smooth, 
the vertical arrow is a product of blow ups of nonsingular subvarieties so that Xi — )• 5 is 
strongly prepared. Strong preparation of morphisms from 3- folds to surfaces is proven in 
Theorem 17.3 of [15j . 

The second step is to prove that a strongly prepared morphism from a 3-fold to a surface 
can be toroidalized. This is proven in Sections 18 and 19 of [15]. 

This second step is generalized in |19j to prove that a strongly prepared morphism from 
an n-fold to a surface can be toroidalized. Thus to prove toroidalization of a morphism 
from an n-fold to a surface, it suffices to proof strong preparation. 

The proof of strong preparation in jl5j is extremely complicated, and does not readily 
generalize to higher dimensions. The proof of this result occupies 170 pages of \15i}. We 
mention that that the main invariant considered in this paper, v, can be interpreted as 
the adopted order of Section 1.2 of [9] of the 2- form du Adv. 



In this paper, we give a significantly simpler and more conceptual proof of strong prepa- 
ration of morphisms of 3-folds to surfaces. It is our hope that this proof can be extended 
to prove strong preparation for morphisms of n-folds to surfaces, for n > 3. The proof is 
built around a new upper semicontinuous invariant a£), whose value is a natural number 
or oo. if a nip) = for all p G X, then X ^ S is prepared (which is slightly stronger than 
being strongly prepared). A first step towards obtaining a reduction in an is to make X 
3-prepared, which is achieved in Section [3l This is a nicer local form, which is proved by 
making a local reduction to lower dimension. The proof proceeds by performing a toroidal 
morphism above X to obtain that X is 3-prepared at all points except for a finite number 
of 1-points. Then general curves through these points lying on Dx are blown up to achieve 
3-preparation everywhere on X. if X is 3-prepared at a point p, then there exists an etale 
cover Up of an affine neighborhood of p and a local toroidal structure Dp at p (which 
contains Dx) such that there exists a projective toroidal morphism -.U' ^ Up such that 
(Td has dropped everywhere above p (Section [4]). The final step of the proof is to make 
these local constructions algebraic, and to patch them. This is accomplished in Section O 
In Section [6] we state and prove strong preparation for morphisms of 3-folds to surfaces 
(Theorem 16. ip and toroidalization of morphisms from 3-folds to surfaces (Theorem 16. 2p . 



i \ 
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2. The invariant gd, 1-preparation and 2-preparation. 

For the duration of the paper, t will be an algebraically closed field of characteristic 
zero. We will write curve (over 6) to mean a 1-dimensional t-variety, and similarly for 
surfaces and 3-folds. We will assume that varieties are quasi-projective. This is not really 
a restriction, by the fact that after a sequence of blow ups of nonsingular subvarieties, all 
varieties satisfy this condition. By a general point of a t- variety Z, we will mean a member 
of a nontrivial open subset of Z on which some specified good condition holds. 

A reduced divisor I? on a nonsingular variety Z of dimension n is a simple normal 
crossings divisor (SNC divisor) if all irreducible components of D are nonsingular, and 
if p € then there exists a regular system of parameters .xi, . . . , x„ in Oz,p such that 
X1X2 • • • = is a local equation of D at p, where r < n is the number of irreducible 
components of D containing p. Two nonsingular subvarieties X and Y intersect transver- 
sally at p G X n y if there exists a regular system of parameters xi, . . . , in Oz,p and 
subsets J, J C {1, . . . , n} such that IxiP = {^i \ i ^ I) and Xy,p = [xj | j G J). 

Definition 2.1. Let S he a nonsingular surface over t with a reduced SNC divisor Ds- 
Suppose that X is a nonsingular 3-fold, and f : X ^ S is a dominant morphism. X is 

1-prepared (with respect to f) if Dx = f~^{Ds)red is a SNC divisor on X which contains 
the locus where f is not smooth, and if Ci, C2 are the two components of Dg whose 
intersection is nonempty, Ti is a component of X dominating Ci and T2 is a component 
of Dx which dominates C2, then Ti and T2 are disjoint. 

The following lemma is an easy consequence of the main theorem on resolution of 
singularities. 

Lemma 2.2. Suppose that g : Y ^ T is a dominant morphism of a 3-fold over i to a 
surface over t and Dt is a 1-cycle on T such that g~^{Dji) contains the locus where g is 
not smooth. Then there exists a commutative diagram of morphisms 

4 Ti 

TTl I I 7r2 

y 4 r 

such that the vertical arrows are products of blow ups of nonsingular subvarieties contained 
in the preimage of Dt, Yi and Ti are nonsingular and Dt^ = tt^^{Dt) is a SNC divisor 
on Ti such that Yi is 1-prepared with respect to gi. 

For the duration of this paper, S will be a fixed nonsingular surface over t, with a 
(reduced) SNC divisor Ds- To simplify notation, we will often write D to denote Dx, if 
f : X ^ S is 1-prepared. 

Suppose that X is 1-prepared with respect to f : X ^ S. A permissible blow up of X is 
the blow up TTi : Xi — )■ X of a point of Dx or a nonsingular curve contained in Dx which 
makes SNCs with Dx- Then Dxi = T^i^{Dx)red = {f ° T^i)~^i^s)red is a SNC divisor on 
Xi and Xi is 1-prepared with respect to / o tti . 

Assume that X is 1-prepared with respect to D. We will say that p E X is a n-point (for 
D) if p is on exactly n components of D. Suppose q G Ds and n, v are regular parameters 
in (Ds,q such that either u = is a local equation of Ds at g or -ut; = is a local equation 
of Ds at q. u, v are called permissible parameters at q. 

For p G f~^{q), we have regular parameters x,y,z in Ox,p such that 
1) If p is a 1-point, 

(1) u = x'',v = P{x)-\-x^F 
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where x = is a local equation of D, x j{ F and x^F has no terms which are a 
power of X. 

2) If p is a 2-point, after possibly interchanging u and v, 

(2) n = (xV)',^^ = ^(^V) + ^V^ 

where = is a local equation of D, a,b > 0, gcd(a, b) = 1, x,y j/ F and x'^y'^F 
has no terms which are a power of x°'y^. 

3) If p is a 3-point, after possibly interchanging u and 

(3) u = {x''y^z^y,v = Pix^'y^z") + x'^y^z^F 

where xyz = is a local equation of D, a, 6, c > 0, gcd(a, 6, c) = 1, x, y, z \F and 
x'^y^z^ F has no terms which are a power of x°'y''z'^. 

regular parameters x,y,z in Ox,p giving forms ([I]), ([2]) or (l3|) are called permissible 
parameters at p for u, v. 

Suppose that X is 1-prepared. We define an ideal sheaf 

I = fitting ideal sheaf of the image of f*:ilg^ 0^(log(L')) 

in Ox- I = Ox{—G)X where G is an effective divisor supported on D and X has height 
> 2. 

Suppose that Ei, . . . , En are the irreducible components of D. For p E X, define 

\ P&E, j 

Lemma 2.3. gd is upper semicontinuous in the Zariski topology of the scheme X . 
Proof. For a fixed subset J C {1, 2, . . . , n}, we have that the function 



is upper semicontinuous, and if J C J' C {1, 2, . . . , n}. we have that 

□ 

Thus for r G N U {oo}, 

Smg,{X) = {p(^X\<JD{p)>r} 
is a closed subset of X, which is supported on D and has dimension < 1 if r > 0. 
Definition 2.4. A point p £ X is prepared if ctd{p) = 0. 
We have that (Td{p) = if and only if Xp = Ox,p- Further, 

Singi(X) = {pGX|Zpy^Ox,p}. 
If p S X is a 1-point with an expression ([T]) we have 

, ,, dF dF. 



If p G X is a 2-point with an expression ([2]) we have 

- - dF 

(5) (Zp + (x, y))Ox,p = (x, y, {ad - bc)F, —). 

If p G X is a 3-point with an expression ([3]) we have 

(6) (Ip + (x, y, z))dx,p = (x, y, z, (ae - 5d)F, (a/ - cd)F, {bf - ce)F). 

If p € X is a 1-point with an expression ([T]), then (td{p) = ord F(0, y, z) — 1. We have 
< o"£)(j)) < oo if p is a 1-point. If p € X is a 2-point, we have 

{0 if ord F(0, 0,z) =0 (in this case, ad - be 0) 

ord F{0, 0,z)-l if 1 < ord F(0, 0, z) < oo 
oo if ord F(0,0,z) = oo. 

If p € X is a 3-point, let 

a b e 



A 

we have 

o-d{p) = 



d e f 



if ord F(0, 0, 0) = (in this case, rank(A) = 2) 
oo if ord F(0,0,0) = oo. 

Lemma 2.5. Suppose that X is 1-prepared and vri : Xi X is a toroidal morphism with 
respect to D. Then Xi is 1-prepared and o"d(pi) < <^d{p) for all p ^ X and pi € iii'^ip). 

Proof. Suppose that p € X is a 2-point and pi € 7rjf^(p). Then there exist permissible 
parameters x,y,z at p giving an expression ([2]). In Oxi,pi, there are regular parameters 
xi,yi, z where 

(7) X = xl'' (yi + , y = ^ (yi + a^^ 

with a S t and 011022 — 012O22 = ±1. If a = 0, so that pi is a 2-point, then xi,yi,z 
are permissible parameters at pi and substitution of ([7]) into ([2]) gives an expression of 
the form ([2]) at pi, showing that cT£)(pi) < (Td{p)- If a 7^ € so that pi is a 1-point, 
~ aaii+fca2i ~ xi(yi + o)^ . Then xi,yi,z are permissible parameters at pi. 

Substitution into ([2]) leads to a form ([T]) with (Tz)(pi) < o-/)(p). 

If p G X is a 3-point and (Td{p) 7^ cxo, then anip) = so that p is prepared. Thus there 
exist permissible parameters x,y,z at p giving an expression ([3l) with F = 1. Suppose 
that pi € 7rf^(p). In Oxi,pi there are regular parameters xi,yi,zi such that 

X = (xi + a)«ii (yi + /3)"i2 (zi + 7)'^" 

(8) y = (xi + a)'^2i (yi + /?)"22 (^^ + ^)«23 

Z = (Xl + a)'^31 (y^ + ^)a32 + 7)«33 

where at least one of a,/3,7 G t is zero. Substituting into we find permissible param- 
eters at pi giving a prepared form. □ 

Suppose that X is 1-prepared with respect to / : X — )• 5. Define 

Td{X) = max{crD(p) | p G X}. 

Lemma 2.6. Suppose that X is 1-prepared and C is a 2-curve of D and there exists p G C 
such that (T£){p) < 00. Then (Td{q) = at the generic point q of C. 
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Proof. If p is a 3-point then (Jd{p) = and the lemma follows from upper semicontinuity 

of GD- 

Suppose that p is a 2-point. \{ a £){p) = Q then the lemma follows from upper semicon- 
tinuity of cr_D, so suppose that Q < anip) < oo. There exist permissible parameters x,y,z 
at p giving a form ([2]), such that x,y,z are uniformizing parameters on an etale cover U 
of an affine neighborhood of p. Thus for a in a Zariski open subset of x,y,'z = z — a 
are permissible parameters at a 2-point p of C. After possibly replacing U with a smaller 
neighborhood of p, we have 

f: = _L|!;,r(c;,Ox) 

oz x^y"- oz 

and ^(0, 0, z) / 0. Thus there exists a 2-point p G C with permissible parameters 
X, y, z = z — a such that §f(0, 0, a) ^ 0, and thus there is an expression ([2]) at p 

u = {x°-y^y 

V = Pi{x"'y^) + x'^y'^Fi{x,y,'z) 

with ord -Fi(0, 0, z) = or 1, so that anip) = 0. By upper semicontinuity of a£), cr£){q) = 
0. □ 

Proposition 2.7. Suppose that X is 1-prepared with respect to f : X ^ S. Then there 
exists a toroidal morphism tti : Xi — )■ X with respect to D, such that tti is a sequence of 
blow ups of 2-curves and 3-points, and 

1) o-d{p) < oo for all p £ Dx^ ■ 

2) Xi is prepared (with respect to fi = f om : Xi S) at all 3-points and the generic 
point of all 2-curves of Dxi ■ 

Proof. By upper semicontinuity oi ao, Lemma 12.61 and Lemma 12.51 we must show that if 
p G X is a 3-point with (Td{p) = oo then there exists a toroidal morphism tti : Xi X 
such that = for all 3-points pi G T:^'^{p) and if p G X is a 2-point with (Td{p) = oo 

then there exists a toroidal morphism vri : Xi — )■ X such that CDiPi) < oo for all 2-points 
Pi e vrf^(p). 

First suppose that p is a 3-point with <7d{p) = oo. Let x, y, z be permissible parameters 
at p giving a form ([3]). There exist regular parameters x,y,z in Ox,p and unit series 
a,/3,7 G Ox,p such that x = ax, y = j3y, z = ^z. Write F = Yli^ijkX^V'' with hij^ G t. 
Let / = [x^ffz^ I bijk 7^ 0), an ideal in Ox,p- Since xyz = is a local equation of D at 
p, there exists a toroidal morphism vri : Xi X with respect to D such that IOxi,pi is 
principal for all pi G TT^^{p). At a 3-point pi G vrjf ^(p), there exist permissible parameters 
xi,yi,zi such that 

X = x^iiy^i2^^i3 

y — -^1 i/l ^1 
^ ~ •''1 Hi ^1 

with Det(aij) = ±1. Substituting into ([3]), we obtain an expression ([3]) at pi, where 

u = {xl'y\'zl^y 

V = Piix1'y1'z1') + xi'y1'z('Fi 

where Pi{x1^y\^ z^^) = P{x"'y^z^) and 

F{x,y,z) = xJy\zfFi{xi,yi,zi). 

with xfy\zf a generator of IOxi,pi ^^"^ -^i(0,0, 0) 7^ 0. Thus anipi) = 0. 
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Now suppose that p is a 2-point and (Td{p) = oo. There exist permissible parameters 
X, y, z at p giving a form ([2]). Write F = ai{x, y)z^, with ai{x, y) G t[[x, y]] for ah i. We 
necessarily have that no ai{x,y) is a unit series. 

Let / be the ideal / = (ai(x, y) | i € N) in t[[x, y]]. There exists a sequence of blow ups 
of 2-curves vri : Xi — > X such that Oxi,pi is principal at all 2-points pi G 7r^^(p). There 
exist xi,yi € Oxi.pi so that xi,yi,z are permissible parameters at pi, and 

X — y^ , y — x^ 

with 011022 — 012021 = ±1. Let xfy^ be a generator of /Oti,?!- Then F = xfyiFi{xi,yi, z) 
where Fi(0, 0, z) ^ 0, and we have an expression ([2]) at pi, where 

u = {xl^y\'f^ 

V = Pi(xfy^) + x?iy^iFi 

where Pi{x1^y\^) = P{x'^y^). Thus (Td(pi) < oo and aoiq) < oo if gr is the generic point 
of the 2-curve of Dx^ containing pi. 

□ 

We will say that X is 2-prepared (with respect to / : X — )• 5) if it satisfies the conclu- 
sions of Proposition 12. 7i We then have that T£,{X) < oo. 

If X is 2-prepared, we have that Sing^(X) is a union of (closed) curves whose generic 
point is a 1-point and isolated 1-points and 2-points. Further, Sing^(X) contains no 3- 
points. 

3. 3-PREPARATION 

Lemma 3.1. Suppose that X is 2-prepared. Suppose that p G X is such that (Td{p) > 0. 
Let m = (T£)(p) + 1. Then there exist permissible parameters x,y,z atp such that there exist 
x,y G C>x,p, an- etale cover U of an affine neighborhood of p, such that x,z G T{U,Ox) 
and X, y, z are uniformizing parameters on U , and x = 7X for some unit series 7 G Ox,p- 
We have an expression (CP or if p is respectively a 1-point or a 2-point, with 

(9) F = Tz"' + a2(x, + • • • + o^_i (x, y)z + Om(x, y) 

where m >2 and r G Cxi,p = ^[[x, y, z]] is a unit, and ai{x, y) 7^ for i = m — 1 or i = m. 
Further, if p is a 1-point, then we can choose x,y,z so that x = y = is a local equation 
of a generic curve through p on D. 

For all but finitely many points p in the set of 1-points of X, there is an expression (0j 
where 
(10) 

Oi is either zero or has an expression Oj = OjX^'* where ai is a unit 

and ri > for 2 < i < m, and o-m = or Om = x^'^o-m where > and ord(am{0, y)) = 1. 

Proof. There exist regular parameters x,y,'z in Ox.p and a unit 7 G Ox,p such that 
X = 7x,y,z are permissible parameters at p, with ord(-F(0, 0, z)) = m. Thus there exists 
an affine neighborhood Spec(A) of p such that V = Spec(i?), where R = A^y^j is an 
etale cover of Spec(A), x,y,z are uniformizing parameters on V, and u,v T{V,Ox)- 
Differentiating with respect to the uniformizing parameters x,y,'z in R, set 

Qm-l p 

(11) z= =uj{z-ip{x,y)) 
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where w G C>x,p is a unit series, and ip{x, y) G fi[[a;, y]] is a nonunit series, by the formal 
impHcit function theorem. Set z = 'z — ip{x,y). Since R is normal, after possibly replacing 
Spec(A) with a smaller affine neighborhood of p, 



, _ 1 

By Weierstrass preparation for Henselian local rings (Proposition 6.1 [37J), (p{x,y) is in- 
tegral over the local ring y](x,y)- Thus after possibly replacing A with a smaller affine 
neighborhood of p, there exists an etale cover U oi V such that ip{x,y) G T{U,Ox), and 
thus z G r(C/,Ox). 

Let G{x,y,z) = F{x,y,z). We have that 

G = G{x, y, 0)+—{x, y, 0)z+- ■ ■ + - — -{x, y, 0)z"^'^ + — - (x, y, 0)z™+- ■ ■ 

\ ,y, ; dz^ ' (m - 1)! (9z™-i ^ ^ m! (9z™ ^ ^ 

We have 
and 

^(x,y,0) = ^(x,y,v5(x,y)) 

is a unit in Ox,p- Thus we have the desired form (l9|), but we must still show that ^ 
or flm-i 7^ 0. If aj(x, y) = for i = m and i = m — 1, we have that | F in Ox.pj since 
m > 2. This implies that the ideal of 2 x 2 minors 

which implies that z = is a component of D which is impossible. Thus either Om-i 7^ 
or am / 0. 

Suppose that C is a curve in Singi(X) (containing a 1-point) and p G C is a general 
point. Let r = (Td{p)- Set m = r + 1. Let x,y,z be permissible parameters at p 
with y,'z (z Ox,p, which are uniformizing parameters on an etale cover U of an affine 
neighborhood of p such that x = z = are local equations of C and we have a form ([T]) at 
p with 

(12) F = Tz™ + ai(x, y)z"~^ + • • • + a^(x, y). 

For Q in a Zariski open subset of t, x,y = y — a,z are permissible parameters at a point 
g G C n [/. For most points q on the curve C n C/, we have that ai{x,y) = x^^ai{x,y) 
where ai{x,y) is a unit or zero for l<i<m — lin Ox,q- Since (Td{p) = r at this point, 
we have that 1 ^ for all i. We further have that if dm / 0, then where 
= f{y) + xVL where f{y) is non constant. Thus 




After possibly replacing U with a smaller neighborhood of p, we have 



Thus ^§^{0, a) 7^ for most a € t. Since r > 0, we have that > 0, and thus > for 
ah i in ([T2|). We have 



where ^ is a unit series. Comparing the above equation with (jlip . we observe that (/^(x, y) 
is a unit series in x and y times ai(x,y). Thus x divides ip{x,y). Setting z = z — ip{x,y), 
we obtain an expression ([9]) such that x divides Oj for all i. Now argue as in the analysis of 
p^ . after substituting z = z — ip{x,y), to conclude that there is an expression ([9]), where 
(|10P holds at most points q £ C D U . Thus a form ([9]) and (llOp holds at all but finitely 
many 1-points of X. 

□ 

Lemma 3.2. Suppose that X is 2-prepared, C is a curve in Singi{X) containing a 1-point 
and p is a general point of C . Let m = o"£)(p) + 1. Suppose that x, y G Ox,p o,i"^ such that 
X = is a local equation of D at p and the germ x = y = intersects C transversally at p. 
Then there exists an etale cover U of an affine neighborhood of p and z G T{U,Ox) such 
that X, y, z give a form ^ at p. 

Proof. There exists z G Ox,p such that x, y, z are regular parameters in Ox,p and x = z = 
is a local equation of C at p. There exists a unit 7 G Ox,p such that x = jXjyjZ are 
permissible parameters at p. We have an expression of the form ([T]), 

u = x"-,v = P{x) + x^F 

at p. Write F = f{y,'z) + xil in Ox,p- Let / be the ideal in Ox,p generated by x and 

Qi+j f 

I 1 < i + i < m - 1}. 

dy^oz^ 

The radical of / is the ideal (x,z), as x = z = is a local equation of Sing^_]^(X) at p. 



Thus z divides „^^tlj for 1 < i + j < m — 1 (with m > 2) . Expanding 



f = ^bMz' 

1=0 

(where 60 (0) = 0) we see that ^ = (so that 60 (y) = 0) and 6i(y) = for 1 < z < m - 1. 
Thus divides f{y,z). Since (Td{p) = m — 1, we have that / = t'z^ where r is a unit 
series. Thus x,y,z gives a form ([T]) with ord(-F(0, 0, z)) = m. Now the proof of Lemma 
13.11 gives the desired conclusion. □ 

Let uj{m,r2, ■ ■ ■ ,rm-i) be a function which associates a positive integer to a positive 
integ er m, natural numbers r2, . . . , r m—2 

and a positive integer rm-i- We will give a precise 

form of uj after Theorem 14.11 



Definition 3.3. X is 3-prepared (with respect to f : X S) at a point p G D if cro{p) = 
or if (T£){p) > ^, f is 2-prepared with respect to D at p and there are permissible parameters 
X, y,z at p such that x, y, z are uniformizing parameters on an etale cover of an affine 
neighborhood of p and we have one of the following forms, with m = (T£)(p) + l-' 
1) p is a 2-point, and we have an expression ^ with 

(13) F = TQZ"^ + T2x''2y^2z™-2 + • • • + T^^ix''"^-^ y'^'H + T^x^'^y"™ 

where tq G Ox,p is a unit, Ti G Ox,p are units (or zero), rj + > whenever 
Tj 7^ and {vm + c)h — {sm + d)a 7^ 0. Further, Tm-i 7^ or 7^ 0. 
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2) p is a 1-point, and we have an expression (CP with 

(14) F = roz" + T2X'^Z"'-^ + ■■■+ Tm-lx'-'-'z + TrnX'-- 

where tq € ^x,p is a unit, n G Ox.p are units (or zero) for 2 < i < m — 1, 
Tm G ^X,p o,nd ord{Tm{0,y,0)) = 1 (or Tm = 0). Further, ri > Q if ti ^ 0, and 
Tm-i ^ or 

3) p is a 1-point, and we have an expression (CP with 

(15) F = Toz"^ + rax'^^z™-^ + • • • + t^_ix^— + x^Q 

where tq G Ox,p is a unit, Ti € Ox,p CLre units (or zero) for 2 < i < m — 1, 
Q G C)x,p, Trn-i 7^ and t > u;(m, r2, . . . , r^-i) (where we set ri = if Ti = 0). 
Further, ri > if Ti ^ 0. 

X is 3-prepared if X is 3-prepared for all p E X. 

Lemma 3.4. Suppose that X is 2-prepared with respect to f : X —?■ S. Then there exists 
a sequence of blow ups of 2-curves tti : X ^ Xi such that Xi is 3-prepared with respect to 
/ o vTi, except possibly at a finite number of 1-points. 

Proof. The conclusions follow from Lemmas 13.11 12.61 and 12.51 and the method of analysis 
above 2-points of the proof of I2.7[ □ 

Lemma 3.5. Suppose that u,v G t[[x,y]]. Let Tq = 5pec(€[[x, y]]). Suppose that u = x°' 
for some a € or u = {x°"i/' f where gcd{a, b) = 1 for some a,b,l € Let p & Tq be 
the maximal ideal {x,y). Suppose that v € {x,y)t[[x,y]]. Then either v G or there 

exists a sequence of blow ups of points A : Ti — )■ Tq such that for all pi G X^^{p), we 
have regular parameters xi,yi in (Dti,pi, regular parameters xi,yi in Cti,pi o,nd a unit 
7i € Oti,pi such that xi = jiXi, and one of the following holds: 

1) 

u = xl\v = P{xi) +x\yl 

with c > or 

2) There exists a unit 72 G Cti,pi such that yi = 72^1 and 

f ai b\ 7-)/ ai bi \ , ci rfi 

= [xi Vi ) ,v = P(x/y/) + x^^y^' 
with gcd{ai,bi) = 1 and aidi — 61 ci ^ 0. 
Proof. Let 

( du du \ 
Hi- 
dx dy J 

First suppose that J = 0. Expand v = X^7ijX*y-' with jij G If u = x", then 
T.hijX^y^'^ = implies 7ij = if j > 0. Thus v = P{x) G l[[x\]. If u = (x'^y^)', 
then 

= J = lx''^'\''-\Y.^ja - ib)^i^xV) 

implies 'jij = if ja — ib 0, which implies that v G fi[[x"?/'']]. 

Now suppose that J 7^ 0. Let E be the divisor uJ = on Tq. There exists a sequence 
of blow ups of points A : Ti — )• Tq such that A^^(£') is a SNC divisor on Ti. Suppose that 
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Pi € A ^(p). There exist regular parameters in Oti,pi such that if 

Ji = Det 



du du \ 

dv ov I ' 
9x1 9yi / 



then 

(16) u = x'^\ Ji =5x\^yl^ 
where ai > and 5 is a unit in Ox^^p-^, or 

(17) n=(x^y^)'S Ji = 5xl^y'i^ 

where ai,6i > 0, gcd(ai,6i) = 1 and (5 is a unit in Ot^^p-^. Expand v = Yllij^XVi with 
First suppose ()16p holds. Then 

Thus u = P{xi) + ex\y{ where P{xi) € ^[[xi]], e = 5i — ai + a, / = ci + 1 and e is a 
unit series. Since / > 0, we can make a formal change of variables, multiplying xi by an 
appropriate unit series to get the form 1) of the conclusions of the lemma. 
Now suppose that (jl7p holds. Then 



~ai/i-i~Mi-i j^^(ai/ii - 6i/ii)7,,xlyi j = <5xJ^yf^ 

Thus V = P{xi^yi)+ex\y{, where P is a series in Xi^y\^ , e is a unit series, e = ci + 1 — oi/i, 
/ = (ii + 1 — hill. Since ai/i/ — 6i/ie 7^ 0, we can make a formal change of variables to 
reach 2) of the conclusions of the lemma. □ 

Lemma 3.6. Suppose that X is 2-prepared with respect to f : X S. Suppose that 
p (z D is a 1-point with m = (Jd{p) + 1 > 1. Let u,v be permissible parameters for f{p) 
and X, y, z be permissible parameters for D at p such that a form (0) holds at p. Let U be 
an etale cover of an affine neighborhood of p such that x, y, z are uniformizing parameters 
on U . Let C he the curve in U which has local equations x = y = at p. 

Let Tq = Spec{t[x , y]) , Aq : {/ — t- Tq. Then there exists a sequence of quadratic trans- 
forms Ti Tq such that if Ui = U x^q Ti and ipi : Ui U is the induced sequence 
of blow ups of sections over C , Ai : Ui ^ Ti is the projection, then Ui is 2-prepared 
with respect to f o ipi at all pi € i^i^ip)- Further, for every point pi S i^i^ip), there 
exist regular parameters xi,yi in C'ti,Ai(pi) such that xi,yi,z are permissible parameters 
at pi, and there exist regular parameters Xi,yi in Cti,Ai(pi) such that if pi is a 1-point, 
xi = a{xi,yi)xi where a{xi,yi) G C'ti,Ai{pi) 'is a unit series and yi = /3(xi,yi) with 
/3{xi,yi) € Oti.AiCpi); and if pi is a 2-point, then xi = a{xi,yi)xi and yi = (3{xi,yi)yi, 
where a{xi,yi), f3{xi,yi) G Oti,Ai(pi) are unit series. We have one of the following forms: 
1) pi is a 2-point, and we have an expression ^ with 

(18) F = Tz^+Mxi,yi)xl'yTz"'-^ + • • ■ + am-i{xi,yi)x['-'yl"^-'z + amxl-yl- 
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where r € Oui,pi is a unit, ai{xi,yi) G {[[xi,?/!]] are units (or zero) for 2 < i < 
m — 1, Hm = or 1 and if am = 0, then Om-i 7^ 0. Further, rj + Sj > whenever 
a j 7^ and a{rm + c)b — {sm + d)a ^ 0. 

2) pi is a 1 -point, and we have an expression ^^ with 

(19) F = Tz"' + a2{xi,yi)x?z'^-^ + • • ■ + am-iixi,yi)xl'"-'z + x'{-yi 

where t G Oc/i.pi is a unit, ai{xi,yi) G are units (or zero) for 2 < i < 

m — 1. Further, > (whenever =^ 0). 

3) pi is a 1 -point, and we have an expression ^^ with 

(20) F = rz™ + a2(xi,yi)x^^z'"-2 + • • ■ +a„,_i{xi,yi)x['-' z + x\yiQ 

where r G Oui,pi is a unit, aj(xi,yi) G t[[xi,yi]] are units (or zero) for 2 < i < 
m — 1 and > whenever ^ 0. We also have t > uj{m, r2, ■ ■ ■ , rm-i)- Further, 
7^ and Q G Oui,pi- 

Proof. Let p = Ao{p). Let T = {i \ ai{x,y) 7^ and 2 <i < m}. There exists a sequence 
of blow ups : Ti — )• Tq of points over p such that at all points q G 'i/'r^(l')5 have 
permissible parameters xi, yi, z such that xi,yi are regular parameters in Oti,Ai(ij) aiid we 
have that u is a monomial in xi and yi times a unit in C'ri,Ai((?)) where 51 = JlieT 2/)- 
Suppose that am{x,y) 7^ 0. Let v = x^am{x,y) if ([I]) holds and v = x'^y'^am{x,y) if ([2]) 
holds. We have v (respectively u ^ ^[[x'^y^]]). Then by Theorem 13.51 applied to 

u,v, we have that there exists a further sequence of blow ups ip2 ■ T2 ^ Ti of points over 
p such that at all points q G {ipi o ?/'2)~^(p), we have permissible parameters X2,y2, z such 
that X2, y2 are regular parameters in C'T2,A2{g) such that u = is a SNC divisor and either 

U = X^,V = P{X2) + x^2y2 

with c > or 

«=(x!yf)*,U = P(4yf) + 4yf 

where ad — be 0. 

If g is a 2-point, we have thus achieved the conclusions of the lemma. Further, there 
are only finitely many 1-points q above p on U2 where the conclusions of the lemma do 
not hold. At such a 1-point q, F has an expression 

(21) F = Tz'^+Mx2,y2)xl'y'2'z"'-^ + • • ■ + am-i{x2,y2)x'^-'y2'"-'z + amx;-y'2- 

where Om = or 1, aj are units (or zero) for 2 < i < m. 
Let 

f dlL 9^ du \ dF OF 

J _ T I 8x2 dm az \ _ rr'^iZ— \ 

V 8x2 dy2 dz J OZ 

for some positive integer n. Since D contains the locus where / is not smooth, we have 
that the localization Jp = {Oi/2,q)p, where p is the prime ideal (2/2,-22) in Ou2,q- 
We compute 

^ = 0^-1x1"'-' yl"--' + Kiz 

and 

-7^- = SmamVl'^'^xl'^ + A2Z 

dy2 

for some Ai, A2 G Ou2,q-: to see that either Om-i 7^ and Sm~i = 0, or 7^ and Sm = 1. 
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Let q be one of these points, and let : ^ T2 be the blow up of A2(g). We then 
have that the conclusions of the lemma hold in the form (|18p at the 2-point which has 
permissible parameters X3, 2/3,2: defined by X2 = x^y^, and y2 = 2/3- At a 1-point which 
has permissible parameters xs,ys,z defined by X2 = X3,y2 = xs^ys + a) with a / 0, we 
have that a form (jl9p holds. Thus the only case where we may possibly have not achieved 
the conclusions of the lemma is at the 1-point which has permissible parameters X3, 1/3,2: 
defined by X2 = X3 and 2/2 = X32/3. We continue to blow up, so that there is at most one 
point where the conclusions of the lemma do not hold. This point is a 1-point, which has 
permissible parameters ^3,2/3,2 where X2 = x^ and 2/2 = x'^y^ where we can take n as 
large as we like. We thus have a form 

(22) n = x^,t; = P(x3) + x^F3 

with F3 = T2™ -|- 62X3^ 2™~^ + •••-!- hm-ix'^^^ z + x\yi, where either 64(2:3, 2/3) is a unit or 
is zero, bm-i 7^ 0, and t > uj{m,r2, ■ ■ ■ ,rm-i) if am-i 7^ and Sm-i = which is of the 
form of (|20p . or we have a form (jl9p (after replacing 2/3 with 2/3 times a unit series in X3 
and 2/3) if am 7^ and = 1- 

n 

Lemma 3.7. Suppose that X is 2-prepared with respect to f : X S. Suppose that p € D 
is a 1-point with o-£){p) > 0. Let m = (Td{p) + 1- Let x,y,z be permissible parameters for 
D at p such that a form holds at p. 

Let notation be as in Lemma \3.6[ For pi G ipi^{p) let r{pi) = m -\- 1 -\- r-m, if a form 
U9\) holds at pi , and 

X _ f max{m -|- 1 -|- r™,, ni-^l + Sm} ifam = l 

^'^ ' \ max{m + l + rm-i,m + l + Sm-i} ifam = 

if a form [T8\) holds at pi. Let r{pi) = m + 1 + rm-i if a form [2U\) holds at pi. 
Let r' = max{r{pi) \ pi € ^l^^^{p)}. Let 

(23) r = r{p) = m -\- 1 + r'. 

Suppose that x* G Ox,p is such that x = 73;* for some unit 7 G C>x,p with 7 = 
1 mod mpOx,p- 

Let V be an affine neighborhood of p such that x*,y G T{V, Ox), and let C* be the curve 
in V which has local equations x* = y = at p. 

Let Tq = Spec{t[x* , y]) . Then there exists a sequence of blow ups of points T* Tg 
above {x*,y) such that if Vi = V x^* T* and ip^ : Vi ^ V is the induced sequence of 
blow ups of sections over C*, : Vi ^ Tj* is the projection, then Vi is 2-prepared at all 
p\ G (V'i)~^(p). Further, for every point p\ G (V'i)~^(p), there exist Xi,yi G Ovi,p| such 
that xi,yi,z are permissible parameters at and we have one of the following forms: 

1) pI is a 2-point, and we have an expression (0) with 

(24) F = ro2"^ + T2xl^y-l^z"'-^ + ■■■ + Tm^ix[-%--' z + v[-rr 

where Tq G Cvi.pj; a unit, Ti G Ovi.p* are units (or zero) for < i < m — 1, Tm 
is zero or 1, T„i-i ifTm = 0, rj -|- Sj > ifTi^ 0, and 

{r-m + c)b - {sm + d)a / 0. 

2) p^ is a 1-point, and we have an expression ^ with 

(25) F = Toz"^ + r2X^^2™-2 + • • • + Tm~ix\—' Z + TmX\- 
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where tq S Ovi,p* is a unit, Ti G Ovi.p* are units (or zero), and ord{Tm{0,yi,0) = 
1. Further, ri>OifTi^O. 
3) pI is a 1 -point, and we have an expression ^^ with 

(26) F = TQZ"^ + T2XI'Z'^-^ + ■■■+ Tm~ix\-'-'z + x{Tl 

where tq G (^Vi,pl is a unit, fi S Ovi.p* are units (or zero), Q. G Oy^^p*, Tm-i / 
and t > u){m, r2, . . . , rm-i)- Further, ri > if Ti 0. 

Proof. The isomorphism Tq — )■ Tq obtained by substitution of x* for x and subsequent 
base change by the morphism Ti — > Tq of Lemma 13. 6| induces a sequence of blow ups of 
points Tq*. The base change : Vi = V Xt* ^ V ^ V x^* factors as a 

sequence of blow ups of sections over C*. Let : Vi — > Tj* be the natural projection. 

Let Pi G {'ipl)^^{p), and let pi € ipi^{p) C C/i be the corresponding point. 

First suppose that pi has a form ()19p . With the notation of Lemma 13.61 we have 
polynomials ip, ip such that 

X = ip{xi,yi),y = ilj{xi,yi) 

determines the birational extension Oto,po ~^ ^Ti,Ai{pi)i ™d we have a formal change of 
variables 

xi = a{xi,yi)xi,yi = /3(xi,yi) 
for some unit series a and series f3. We further have expansions 

ai{x,y) = x'{ai{xi,yi) 
for 2 < i < m — 1 where ai{xi,yi) are unit series or zero, and 

am{x,y) = x^^yi. 

We have x = ^x* with 7 = 1 mod mpOx,p- Set y* = y. At p^, we have regular 
parameters in C't*,a*(p*) such that 

X* = (p{xl,yl),y* = 'ip{x*i,yl), 

and x*,yl,z are regular parameters in Oy^ ^-p* (recall that z = az in Lemma 13. 1|) . We have 

regular parameters G Ot*,a*(p*) defined by 

xi = a{xl,yl)xl,yi = l3{xl,yl). 

We have u = x"" = x'^ where ai = ad for some d G Since [a{xi,yi)xif' = x, we 
have that [a(x|, i/f = x*. Set xi = 7^x1 = ^^a{xl,yl)xl. We have that 75Q!(x*,y^) 
is a unit in Oy^^p*, and x = xf. Thus xi = xi (with an appropriate choice of root 7^). 
We have u = xf^, so that xi,yi, z are permissible parameters at p\. 

For 2 < i < m — 1, we have 

ai{x,y) = ai(jx*,y*) = ai{x*,y*) mod mpC'v',p 

and 

ai{x*,y*) = ai{ip{xl,yl),Tp{xl,yl)) 
= x['ai{xi,yi) 

= xl'ai (xi , y 1 ) mod m^Oy^ . 

We further have 

amix*,y*) = x'["'yi mod mpOy^^p.. 
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Thus we have expressions 



(97) u — 

^ ' V = P{xf) + x\^Pi{xi) + xf{Tz'^+x\^a2{xi,yi)z'^~'^ + ---+x'[^y^ + h) 
where r G Ovi,pi ^ series and 

h £ rrfpdy^^pi C {xi,zy. 

Set s = r — m, and write 

h = z"'Ao{xi,y„z) + z"'-^xl+'Ai{xi,y,) + z"'-^xl+'A2{xi,y,) + --- 
+zx^r~'^-^'^m-iixuyi) + xr+^A„(xi,yi) 

with Aq € mp*(Dvi,pi ^ ^[[^ii^i]] for 1 < i < m. 

Substituting into (p7|) . we obtain an expression 

u = xf 

V = P{xf)+x\'^Pi{xi)+xY{T0Z"' + x[^T2Z"'-^ + --- + x[^-'Tm~lZ + x[^Tm) 

where tq E Ovi.p^ is a unit, € Ovi.p* are units (or zero), for 1 < i < m — 1 and 
Tm £ i[[xi,yi]] with ord(rm(0, yi)) = 1. 

We have tq = r + Aq, Tj = ai{xi,yi) for 2 < z < m — 1, and 

r„ = yi + z'"-ix}+^-^-Ai(xi,yi) + • • • + x7^+^-^-A^(xi, y^)). 



da 



We thus have the desired form (|25p . 

In the case when pi has a form (|20p , a similar argument to the analysis of (|19p shows 
that has a form (|26p . 

Now suppose that pi has a form (jlSp . We then have 



(28) rnpOui,p^ C (xiyi, z)0[/,,p,, 

unless there exist regular parameters x'i,y'i G Cti,Ai(pi) such that x[,y[,z are regular 
parameters in Oui,pi and 

(29) x = x;,2/ = (x;)Vi 
or 

(30) x = x'Mr,y = y[ 

for some n G N. If ([29|) or (pOj) holds, then Oy^^pi = Oui,pi, and (taking xi = xi, = yi) 
we have that a form ()24p holds at pj. We may thus assume that (j28p holds. 
With the notation of Lemma |3.6| we have polynomials 99, such that 

X = (p{xi,yi),y = il){xi,yi) 

determines the birational extension Oto,po ~^ ^Ti,Ki{px)^ and we have a formal change of 
variables 

xi = a(xi,yi)xi,yi = (3{xi,yi)yi 
for some unit series a and /3. We further have expansions 

ai{x,y) = x['yl'ai{xi,yi) 
for 2 < i < m — 1 where ai{xi,yi) are unit series or zero, and 



a 



m 



(x,y) = x'J™y^™am, 
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where = or 1. We have x = ^x* with 7 = 1 mod mpOx,p- Set y* = y. At p*, we 
have regular parameters in C't*,a*{p*) such that 

X* = ip{xl,yl),y* = ij{xl,yl), 

and xl,yl,z are regular parameters in Ovi,pi i^^^^^^ that z = az in Lemma [3. ip . We have 
regular parameters xi,yi,& ^T*,Ai{pi) defined by 

xi = a{xl,yl)xl,y;^ = /3(x*,yi)y*. 

We calculate 

u = x'' = {xl'y\'t = [a(xi,yi)xi]"i*M/?(5i,yi)yi]'^*^ 

which implies 

a , 

Set xi = 7"i'ixi to get u = {xi^y^Y^, so that xi,yi,z are permissible parameters at pi- 
For 2 < i < m, we have 

aj(x,y) = ai{jx*,y*) = ai{x*,y*) mod mpdv,p 

and 

ai(x*,y*) = ai(93(xt,yi),V'(a;*,y*)) 
= xl'yiai{xi,yi) 
= x['yl'ai{xi,yi) mod rn''pOv^,pi- 

Thus we have expressions 

+^?yi'a2(xi,yi)z'"-2 + . . . + x^'-yf-a™ + /i) 
where r G C'vi,^* is a unit series and 

/i € mpdv,,pi ^ i^iVi^^Y- 

Set s = r — m, and write 
(32) 

/i = z-Ao(xi,yi,z) + i(xiyi)i+'^Ai(xi,yi) + z^-\xmf+'A2ixuy,) + ■■■ 
+z(xiyi)(-~i)+^A„_i(xi,yi) + (xiyi)™+^A„(xi, 

with Aq G mp*Ovi,p* € ^[[^I'^i]] for 1 < i < m. 

First suppose that Um = 1- Substituting into (f3T]l . we obtain an expression 

n = (xt^/i^)*^ 

V = P((xry^)^) + (x«iy?^)^''Pi(xry?^) 

+(x^iy^)v^(roz- + xj^ri'ra^— 2 + • • • + x^y^r„) 

where To,Tm € OvlpJ; are units, Tj G Ovi.p* are units (or zero) for 2 < i < m — 1. 
We have tq = t + Aq, Tj = aj(xi, y^) for 2 < i < m — 1, and 

= a„ + z'"-ixi+^-^™y|+^-^-Ai(xi, yi) + • • • + xT^'-'-yT^'-'"'^n.ixi,m). 
We thus have the desired form ()24p . 
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Now suppose that am = 0. Then Om-i 7^ 0, and z divides h in (l3T|l . so that = in 
32|) . Substituting into ([3T]) . we obtain an expression 



where To,Tm-i G C'v\^p* are units, Tj G Cyi,p* are units (or zero) for 2 < i < m — 2. 
We have tq = r + Aq, Tj = aj(i;i, y^) for 2 < i < m — 2, and 



We thus have the form 

n 

Lemma 3.8. Suppose that X is 2-prepared. Suppose that p ^ X is a 1-point with (Td{p) > 
and E is the component of D containing p. Suppose that Y is a finite set of points in 
X (not containing p). Then there exists an affine neighborhood U of p in X such that 

1) ync/ = 0. 

2) [E — U n E]n Singi (X) is a finite set of points. 

3) U r\ D = U n E and there exists x € T{U, Ox) such that x = is a local equation 
of E in U . 

4) There exists an etale map vr : f7 — )• A| = Spec{t\x ,y ,'z\) . 

5) The Zariski closure C in X of the curve in U with local equations x = y = 
satisfies the following: 

C is a nonsingular curve through p. 
C contains no 3-points of D. 

C intersects 2-curves of D transver sally at prepared points. 
C n SingiiX) n {X - U) = 0. 

cny = 0. 

C intersects Singi{X) — {p} transversally at general points of curves in Singi{X). 
There exist permissible parameters x, y, z at p, with x = x,y = y, which satisfy 
the hypotheses of lemma Wl\ 



1 

ii 
iii 
iv 

V 

vi 
vii 



Proof. Let H be an effective, very ample divisor on X such that H contains Y and D — 
E, but H does not contain p and does not contain any one dimensional components of 
Sing]^(X, D)r\E. There exists n > such that E + nH is ample, Ox{E + nH) is generated 
by global sections and a general member H' of the linear system \E-\-nH\ does not contain 
any one dimensional components of Sing^(X, D) n E, and does not contain p. H + H' is 
ample, soV = X — {H + H') is afhne. Further, there exists / G ^(X), the function field of 
X, such that (/) = H' — [E + nH). Thus x = j € T{V, Ox) as X is normal and x has no 
poles on y. X = is a local equation of £" on V. We have that V satisfies the conclusions 
1), 2) and 3) of the lemma. 

Let R = T{V,Ox)- R = yj%iT{X,Ox{s{H + H')) is a finitely generated t-algebra. 
Thus for s » 0, i? is generated by T{X, Ox{s{H + H')) as a t-algebra. 

From the exact sequences 

^ ^T{X,Ox{s{H + H')) (^Ip) ^T{X,Ox{s{H + H')) ^ Ox,p/mp^ k 

and the fact that 1 G T{X, Ox{s{H+H')), we have that R is generated by T{X, Ox{s{H + 
H')) (g) Zp) as a t-algebra for all s » 0. 
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For s ^ 0, and a general member a of T{X, Ox{s{H + H')) (8) Xp) we have that the 
curve C = B ■ E, where B is the divisor B = (a) + s{H + H'), satisfies the conclusions 
of 5) of the lemma; since each of the conditions 5i) through 5vii) is an open condition on 
T{X, Ox{s{H +H')®Xp)), we need only establish that each condition holds on a nonempty 
subset. This follows from the fact that H + H' is ample, Bertini's theorem applied to the 
base point free linear system \'^*{s{H + H')) — A\, where (p :W ^ X \s the blow up of p 
with exceptional divisor A, and the fact that 

^,{Ow{^*{s{H + H') - A)) = Ox{s{H + H')) 

For fixed s ^ 0, let • • • ,y„ be a J-basis of r(X, Ox{s{H + H')) ® Zp), so that 

R = t[x,yi, . . . We have shown that there exists a Zariski open set Z of A;" such that 
for . . . , bn) G Z, the curve C in X which is the Zariski closure of the curve with local 
equation x = biyi + • • • + bnVn = in V satisfies 5) of the conclusions of the lemma. 

Let Ci, . . . ,Ct be the curves in Sing;^ {X) n V, and let pi G Cj be closed points such that 
p,pi, . . . ,Pt are distinct. Let Qq be the maximal ideal of p in R, and Qi be the maximal 
ideal in R of pi for 1 < i < t. We have that x is nonzero in Qi/Qf for all i. For a matrix 
A = {aij) € t^", and 1 < i < 2, let 

n 

Ltiyi,---,yn) = ^(^ijyj- 

i=i 

There exist ajk € t such that Qk = (vi — ai,A;, • • • ,y„ ~ ctn.fe) for < A; < t. By our 
construction, we have ai^ = • • • = anfi = 0. For each < k < t, there exists a non empty 
Zariski open subset Z^ of /c^"" such that 

x,Li{yi, . . . ,yj - Li{ai^k, ■ ■ ■ ,an,k), L2{yi, ■ ■ . ,y„) - L^(ai,fc, . . . ,an,fc) 

is a fi-basis of Qk/Q^^i- Suppose (ai,i, . . . , ai,n) £ and A £ Zq (1 ■ ■ ■ H Zf. 

We will show that x, L^,L^ are algebraically independent over i. Suppose not. Then 
there exists a nonzero polynomial h G ^[^1,^25*3] such that L^,L^) = 0. Write 
h = H + h' where H is the leading form of h, and h' = h — H is a polynomial of larger order 
than the degree r of H. Now H{x, Lf, L^) = L^, L^), so that L^, L^) = in 

g5/g5+^ Thus F = 0, since is a regular local ring, which is a contradiction. Thus 
x,Lf',L2 are algebraically independent. Without loss of generality, we may assume that 
= y . for 1 < i < 2. 

Let S = ^1,^2]) a polynomial ring in 3 variables over t. S ^ R is unramified at Qi 
for < i <t since 

for < i < t. 

Let W be the closed locus in V where V — > Spec(5') is not etale. We have that 
p,pi, . . . ,pt W, so there exists an ample effective divisor H on X such that W C H and 
p,pi, . . . ,Pt ^ H. Let U = V — H. U is affine, and U — > Spec(5) = is etale, so satisfies 
4) of the conclusions of the lemma. 

□ 

Lemma 3.9. Suppose X is 2-prepared with respect to f : X ^ S , p (z D is a prepared 
point, and vri : Xi X is the blow up of p. Then all points of iT^^{p) are prepared. 

Proof. The conclusions follow from substitution of local equations of the blow up of a 
point into a prepared form ([I]), Q or ([31). □ 
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Lemma 3.10. Suppose that X is 2-prepared with respect to f : X ^ S, and that C is a 
permissible curve for D, which is not a 2-curve. Suppose that p G C satisfies (To{p) = 0. 
Then there exist permissible parameters x, y,z at p such that one of the following forms 
hold: 

1) p is a 1 -point of D of the form of F = z and x = y = are formal local 
equations of C at p. 

2) p is a 1-point of D of the form of (CP, F = z and x = z = are formal local 
equations of C at p. 

3) p is a 1-point of D of the form of F = z, x = z + y'^a{y) = are formal local 
equations of C at p, where r > 1 and a is a unit series. 

4) p is a 2-point of D of the form of F = z,x = z = are formal local equations 
of C at p. 

5) p is a 2-point of D of the form of F = z, x = f{y,z) = are formal local 
equations of C at p, where f{y,z) is not divisible by z. 

6) p is a 2-point of D of the form of F = 1 (so that ad — be ^ 0) and x = z = 
are formal local equations of C at p. 

Further, there are at most a finite number of 1-points on C satisfying condition 3) (and 
not satisfying condition 1) or 2)). 

Proof. Suppose that p is a 1-point. We have permissible parameters x, y, z at p such that 
a form ([T]) holds at p with F = z. There exists a series f{y, z) such that x = / = are 
formal local equations of C at p. By the formal implicit function theorem, we get one of 
the forms 1), 2) or 3). A similar argument shows that one of the forms 4), 5) or 6) must 
hold if p is a 2-point. 

Now suppose that p E C is a 1-point, aoip) = and a form 3) holds at p. There exist 
permissible parameters x, y, z at p, with an expression ([1]), such that x = z = are formal 
local equations of C at p and x, ?/, z are uniformizing parameters on an etale cover U of 
an neighborhood of p, where we can choose U so that 

dF I dv ^ 

dy x^ dy 

Since there is not a form 2) at p, we have that z does not divide F(0,y,z), so that 
F(0, y, 0) / 0. Since F has no constant term, we have that ^(0, y, 0) ^ 0. There exists 
a Zariski open subset of i such that a € t implies x,y — a,z are regular parameters at a 
point q U. There exists a Zariski open subset of t of such a so that ||(0,a,0) 7^ 0. 
Thus x,y — a,z are permissible parameters at q giving a form 1) at g € C. 

n 

Lemma 3.11. Suppose that X is 2-prepared. Suppose that C is a permissible curve on 
X which is not a 2-curve and p € C satisfies cy£)[p) = 0. Further suppose that either a 
form 3) or 5) of the conclusions of Lemma \3.10\ hold at p. Then there exists a sequence 
of blow ups of points tti : Xi ^ X above p such that Xi is 2-prepared and aoiipi) = for 
all pi G TT^^{p), and the strict transform of C on Xi is permissible, and has the form 4) 
or 6) of Lemma \3.10\ at the point above p. 

Proof. If p is a 1-point, let tt' : X' ^ X he the blow ups of p, and let C be the strict 
transform of C on X' . Let p' be the point on C above p. Then p' is a 2-point and 
(Td{p') = 0. We may thus assume that p is a 2-point and a form 5) holds at p. For r € Z+, 
let 

Xr Xr^i >Xi^ X 
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be the sequence of blow ups of the point pi which is the intersection of the strict transform 
Ci of C on Xi with the preimage of p. 

There exist permissible parameters x, y, z at p such that x = z = are formal local 
equations of C at p, and a form ([2]) holds at p with F = xi} + f{y,z). We have that 
ord f{y, z) = 1, ord f](0, y, z) > 1, y does not divide f{y, z) and z does not divide f{y, z). 

At Pr, we have permissible parameters Xj-,yriZr 

such that 

r r 

X — Xry^j y — Uri Z — Zj-yj.- 

Xr = Zr = are local equations of Cr at Pr- We have a form ([2]) at pr with 

u = {x^y^''+^y 

where 



if is not a unit series. Thus for r sufficiently large, we have that F' is a 

unit, so that a form 6) holds at Pr- 

□ 

Lemma 3.12. Suppose that X is 2-prepared and that Ci is a permissible curve on X. 
Suppose that q G C is a point with cr£,{q) = which has a form 1), 4) or 6) of Lemma 
\3.10l Let TTi : Xi ^ X be the blow up of C. Then Xi is 3-prepared in a neighborhood of 
Tri^{q). Further, aoiiQi) = for all qi G 7r^^{q). 

Proof. The conclusions follow from substitution of local equations of the blow up of C into 
the forms 1), 4) and 6) of Lemma l3.10i □ 

Proposition 3.13. Suppose that X is 2-prepared. Then there exists a sequence of per- 
missible blow ups 111 : Xi —7- X , such that Xi is 3-prepared. We further have that 
o'd(pi) < (^d{p) for all p & X and pi G ■n^'^{p). 



Proof. Let T be the points p G X such that X is not 3-prepared at p. By Lemmas [3 
and 12.51 after we perform a sequence of blow ups of 2-curves, we may assume that T is a 
finite set consisting of 1-points of D. 

Suppose that p £ T. Let T' = T \ {p}. Let U = Spec(i2) be the affine neighborhood of 
p in X and let C be the curve in X of the conclusions of Lemma 13.81 (with Y = T'), so 
that C has local equations x = y = in U. 

Let El = C n Sing^(X). T,i = {p = pQ, . . . ,pr} is the union of {p} and a finite set of 
general points of curves in Sing^(X), which must be 1-points. We have that Ei C U. Let 

T,2 = {q £ C nU \ aoiq) = and a form 2) of Lemma [3. 101 holds at q}. 

T,2 is a finite set by Lemma 13.101 Let S3 = C \ C/, a finite set of 1-points and 2-points 
which are prepared. 

Set U' = U \ Ti2. There exists a unit t £ R and a G Z+ such that u = rx". 

By 5 vi) , 5 vii) of Lemma 13.81 and Lemma 13.21 there exist Zi G Ox,pi such that for all 

Pi G Si, X = Tax,y, Zi are permissible parameters at pi giving a form ([9]). 

Let t = max{r(pj) | < i < r}, where r{pi) are calculated from (j23p ) of Lemma |3.7[ 
There exists A G i? such that A = mod mp.Ox,pi < i < r. Let x* = A~^x, 

7 = Ta A. Then x = r^x = 7X* with 7 = 1 mod m*^Ox,pi < i < r. Let U' = U\ S2. 
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Let Tq* = Spec(^[a:;*, y]), and let ^ Tq be a sequence of blow ups of points above 
{x*,y) such that the conclusions of Lemma [37fl hold on U[ = U' Xx* above all pi with 
< i < r. The projection Ai : C/( — )• U' is a sequence of blow ups of sections over C. Ai 
is permissible and A^^(C n {W \ Si)) is prepared by Lemma [3. 121 

All points of T,2 U S3 are prepared. Thus by Lemma 13.91 Lemmas 13.111 and Lemma 
13.121 by interchanging some blowups of points above S2 U S4 between blow ups of sections 
over C, we may extend Ai to a sequence of permissible blow ups over X to obtain the 
desired sequence of permissible blow ups vri : Xi — )• X such that Xi is 2-prepared. tti is 
an isomorphism over T' , Xi is 3-prepared over ttY^{Xi \ T'), and aoipi) < cd(p) for all 

peXi\ r. 

By induction on [T|, we may iterate this procedure a finite number of times to obtain 
the conclusions of Proposition 13.131 

□ 

The following proposition is proven in a similar way. 

Proposition 3.14. Suppose that X is 1-prepared and D' is a union of irreducible com- 
ponents of D. Suppose that there exists a neighborhood V of D' such that V is 2-prepared 
and V is 3-prepared at all 2-points and 3-points of V . 

Let A be a finite set of 1-points of D' , such that A is contained in Singi[X) and A 
contains the points where V is not 3-prepared, and let B be a finite set of 2-points of D' . 
Then there exists a sequence of permissible blow ups vri : Xi X such that 

1) Xi is 3-prepared in a neighborhood of tt^^{D'). 

2) TTi is an isomorphism over Xi \ D' . 

3) TTi is an isomorphism in a neighborhood of B. 

4) TTi is an isomorphism over generic points of 2-curves on D' and over 3-points of 
D'. 

5) Points on the intersection of the strict transform of D' on Xi with it^^{A) are 
2-points of ■ 

6) o"d(pi) < <^d{p) for all p ^ X and pi G 7rjf^(p). 

4. Reduction of above a 3-prepared point. 

Theorem 4.1. Suppose that p & X is a 1-point such that X is 3-prepared at p, and 
'^d{p) > 0. Let x,y,z be permissible parameters at p giving a form ^14\ ) at p. Let U be 
an etale cover of an affine neighborhood of p in which x,y,z are uniformizing parameters. 
Then xz = gives a toroidal structure D on U. Let L be the ideal in T{U,Ox) generated 
by z™, x*"™ if Tm 7^ 0, and by 

{x'^z"^-' I 2 < i < m - 1 andni^Q}. 

Suppose that ip : U' ^ U is a toroidal morphism with respect to D such that U' is non- 
singular and lOiji is locally principal. Then (after possibly replacing U with a smaller 
neighborhood of p) U' is 2-prepared and auig) < crnip) for all q € U' . 

There is (after possibly replacing U with a smaller neighborhood ofp) a unique, minimal 
toroidal morphism ip : U' ^ U with respect to D with has the property that U' is nonsin- 
gular, 2-prepared and T£){U') < aoip)- This map ip factors as a sequence of permissible 
blowups TTi : Ui ^ Ui-i of sections Ci over the two curve C of D. Ui is 1-prepared for 
Ui — )■ S. We have that the curve Ci blown up in C/j+i — )• Ui is in Sing^^(^p-^{Ui) if Ci is not 
a 2-curve of Djj., and that Ci is in Singi[Ui) if Ci is a 2-curve of Djj-. 
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Proof. Suppose that ijj : U' U is toroidal for D and U' is nonsing ular. Let D = ^"H^)- 
The set of 2-curves of D is the disjoint union of the 2-curves of Dij/ and the 2-curve 
which is the intersection of the strict transform of the surface z = on U' with Diji. ip 
factors as a sequence of blow ups of 2-curves of (the preimage of) D. We will verify the 
following three statements, from which the conclusions of the theorem follow. 

If g G ip'^ip) and lOjji^q is principal, then c7d[q) < fD(p)- 
In particular, (Td{(1) < croip) if is a 1-point of D . 

If C is a 2-curve of Dij/, then U' is prepared at q = C H ip~^{p) 
if and only if aoiq) < oo 
if and only if lOjji^q is principal 

if and only if U' is prepared at all q' € C" in a neighborhood of q. 

If C is the 2-curve of d' which is the intersection of Djji with the strict transform of z = in [/', 
then aniq) < crnip) if g = C" n tp'^ip), and aoiq') = crniq) 
for q' € C" in a neighborhood of q. 

Suppose that q G ip~^{p) is a 1-point for d' . Then lOfj/^q is principal. At q, we have 
permissible parameters xi,y,zi defined by 

(36) X = ,z = x\^ {zi + a) 

for some ai,6i € and / a E fi. Substituting into p^ . we have 

^, = xfSz; = P(x^^) + x5"^G 

where 

G = Tox^'"(zi+a)™+r2X^^^^+'^("^-')(zi+a)'-2 + . . .+r„_ixf 

Let xf be a local generator of IOu',q- Let G' = 

If z*" is a local generator of lOu'^q, then G' has an expansion 

G' = t'{zi + ay + g2{zi + a)™^^ + • • • + 5m-i(zi + a) + 5™ + xif^i + yJ^a 

where / r' = r(0,0,0) G t, 52, • • • , 5m S ^ and ili,r22 S We have ord(G'(0, 0, zi)) < 

m-1. Setting F' = G'-G'(xi, 0,0) and P'(xi) = P(x^i ) + xf i+*^™G'(xi, 0, 0), we have 
an expression 

u = xf ^ , V = P'(xi) + 

of the form of ([I]). Thus C/' is 2-prepared at q with (TD'{q) < m — 1 = (td{p)- 

Suppose that z™' is not a local generator of lOu'^q, but there exists some i with 2 < i < 
m — 1 such that x^'z™"* is a local generator of IOu',q- Let /i be the smallest i with this 
property. Then G' has an expression 

G' = gh{zi + a)™-'* + • • • + 5m + xif^i + yif]2 

for some Qi with Qh and ili,ri2 G Oij'^q- As in the previous case, we have that C/' 
is 2-prepared at q with cr£){q) <m — h — l<m — 1 = cr£){p). 
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(33) 

(34) 
(35) 



Suppose that z"^ is not a local generator of IOu',q and x'^^z'^ * is not a local generator 
of lOiji^q for 2 < i < m — 1. Then x^™ is a local generator of lOiji^q, and we have an 
expression 

G' = A + 

where A(xi, y, zi) = Tm{x'^^ , y, (zi + a)) and ili € Ou',q- Then 

ord A(0,y,0) =ordT^(0,y,0) = 1, 

and we have that C/' is prepared at q. 

Now suppose that q E tp^^^p) is a 2-point for -D^/'. We have permissible parameters 
xi,y,zi in Ow^q such that 

t J X — ^\ ' — '^i 

with ai,6i > and aidi — 6iCi = ±1. Substituting into ([HI), we have 

where 

— -T-nT-''i™r'^i™-UTa'r''2"l+'=i('"-2) r2fei+rfi(m.-2) air™_i+ci 6ir™_i+di air™ 6ir„ 

Lt — ToX]^ Z-j^ -rT2X-^ Z-^ -\-- ■-\-Tm~lX'^ Z-^ -TTmXi Z^ 

Let C be the 2-curve of Djji containing q. Since ord (Tm(0, y, 0)) = 1 (if / 0) we see 
that the three statements aoiq) < oo, aoiq) = and lOjji^q is principal are equivalent. 
Further, we have that (TdW) = <^d{<i) for q' G C" in a neighborhood of q. 

Suppose that lOw^q is principal and let xf zj; be a local generator of IOu',q- Let G' = 
G/x\z\. We have that 

u = {x1'z\^)\ V = P{x1'z\^) + x'fi^+'^zf i+*G' 

has the form ([2]), since we have made a monomial substitution in x and z. If z™ or x^'z™~* 
for some i < m is a local generator of lOfj'^q, then G' is a unit in Ojji^q. If none of z™, 
^n^m-i £qj, i <c m are local generators of IOu',q, then 

G' = A + Xiili + z:i02, 

where 

A(xi,yi,zi) = Tm{x1'^z'l\y,x1^zf'^) 

and rii,il2 G Thus 

ord A(0,y,0) =ordT„(0,y,0) = L 

We thus have that U' is prepared at q. 

The final case is when q G ip~^{p) is on the 2-curve G' of D which is the intersection 
of Djji with the strict transform oi z = in U' . Then there exist permissible parameters 
xi,y, z\ at q such that 

(38) X = xi, z = x^^zi 

for some h\ € Z+. The equations xi = zi = are local equations of G' at q. Let 
s = min{6im, rj + h\{m — i) with Tj 7^ for 2 < i < m — 1, if Tj 7^ 0}. 
We have an expression of the form ([1]) at q, 

u = xf 

V = P{xf) + xf+'G' 
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with 

— ^^J>im-s m , r2+hi(m~2)-s m-2 , , r„_i+6i-s ^r„-s 

Ur — TqXi Z-y -t- T2X]^ + • • • + Tm-l^i Zi + TrnX^ 

We see that aD{q) < (^d{p) (with (TD{q) < o'Dip) if s = r-j + 6i(m — i) for some i with 
2<i<m — lors = and aoiq') = (^d{q) for (7' in a neighborhood of (7 on C . 

Suppose that lOw^q is principal. Then x^™- generates lOu'^q. We have that G' = x\"^Cl 
where € ^U',q satisfies ord 0(0, y,0) = 1. Thus U' is prepared at q. 

□ 

We win now construct the function uj{m, r2, . . . , rm-i) where m > 1, G N for 2 < i < 
m — 1 and r^-i > 0. 

Let / be the ideal in the polynomial ring t[x,2:] generated by z"^ and for all i 

such that 2 < i < m — 1 and rj > 0. Let m = {x,z) be the maximal ideal of k[x,z]. Let 
<I> : Vi — > y = Spec(t[x,z]) be the toroidal morphism with respect to the divisor xz = 
on V such that Vi is the minimal nonsingular surface such that 

1) IOvi,q is principal if (7 G <^~^(m) is not on the strict transform of z = 0. 

2) If q is the intersection point of the strict transform of 2; = and <I>^^(m), so that 
q has regular parameters xi,zi, with x = xi,z = x\zi for some h € Z+, then 
Tj + bi{m — i) < him for some 2 < i < m — 1 with > 0. 

Every q € <I>^^(m) which is not on the strict transform of 2; = has regular parameters 
xi, zi at q which are related to x, z by one of the following expressions: 

(39) x = xl\ z = x\^{zi + a) 
for some / a G € and ai, 61 > 0, or 

(40) x = xl^z\\ z = xl'z^' 

with ai,6i > and aidi — bici = ±1. There are only finitely many values of ai,6i 
occurring in expressions (j39]) . and ai,bi,ci,di occurring in expressions (|iO]) . 

The point q on the intersection of the strict transform of z = and <I>^^(m) has regular 
parameters xi,zi defined by 

(41) X = xi, z = x\^zi 
for some 61 > 0. 

Now we define uj = u}{m, r2, . . . , r^-i) to be a number such that 

u > max{— m, rj H — -{m — i) for 2 < i < m — 1 such that rj > 0}. 
ai ai 



For all expressions ()39p . 

> max{— m, —^m,ri -\ — -{m — i),ri + 7^(?ti — i) for 2 < i < m, — 1 such that rj > 0} 
fli hi ai hi 

for all expressions ([l0|) . and 

Ci; > max{6im, rj + 61 (m — i) for 2 < i < m — 1 such that rj > 0} 

in (SID. 



Theorem 4.2. Suppose that p G Singi{X) is a 1-point and X is 3-prepared at p. Let 
X, y, z be permissible parameters at p giving a form /il5\) at p. Let U be an etale cover of 
an affine neighborhood of p in which x, y, z are uniformizing parameters. Then xz = 
gives a toroidal structure D on U . 

24 



There is (after possibly replacing U with a smaller neighborhood of p) a unique, minimal 
toroidal morphism ip : U' ^ U with respect to D with has the property that U' is nonsin- 
gular, 2-prepared and Td{U') < anip)- This map ip factors as a sequence of permissible 
blowups TTi : Ui ^ Ui-i of sections Ci over the two curve C of D. Ui is 1-prepared for 
Ui — >• S. We have that the curve Ci blown up in C/j+i — )• Ui is in Sing„^(^p^{Ui) if Ci is not 
a 2-curve of Du^, and that Ci is in Singi{Ui) if Ci is a 2-curve of Du-. 

Proof. The proof is similar to that of Theorem l4.lt using the fact that t > uj{m, r2, ■ ■ ■ , rm-i) 
as defined above. □ 

Theorem 4.3. Suppose that p X is a 2-point and X is 3-prepared at p with cr^^p) > 0. 
Let X, y, z be permissible parameters at p giving a form [T3\) at p. Let U be an etale cover 
of an affine neighborhood of p in which x,y,z are uniformizing parameters on U. Then 
xyz = gives a toroidal structure D on U. Let I be the ideal in T{U,Ox) generated by 
z"^, x^'^y^'^ ifrmj^O and 

{x'^^y'^z'^-' [ 2 < i < m - 1 andn^O}. 

Suppose that ijj : Ui ^ U is a toroidal morphism with respect to D such that Ui is 
nonsingular and LOui locally principal. Then ( after possibly replacing U with a smaller 
neighborhood of p) Ui is 2-prepared for Ui S, with cr£,[q) < 0£,{p) for all q (z Ui. 

Proof. Suppose that q G is a 1-point for ip~^{D). Then q is also a 1-point for D^-^^. 

Since V is toroidal with respect to D, there exist regular parameters xi,yi,zi in Oxi,q 
and a matrix A = (oij) with nonegative integers as coefficients such that Det A = ±1, 
and we have an expression 

X = x""(yi + Q)'*i2(zi+/3)"" 

(42) y = xfi(yi + a)'^22(^^+^)a23 

Z = 1 (yi + a)«'32 + ^)a33 

with ail, 021,031 7^ and 7^ a,/3 G t. Set 

"12 "13 

xi = xi{yi + a) "11 {zi + (3) "n € Oxi,q- 
Substituting into ()12|) . we have 
X = x'f" 

(43) y = xl^'{yi + af~^^izi+f3f~^^ 

z = xl'^^im + ar'-^iz.+f^f''-^. 

iaa. _ia2. ^22 

Let B = {bij) be the adjoint matrix of A. Let a = a^n /3 "n , /3 = a "n /J^n . Set 

We will show that xi,yi,zi are regular parameters in Oxi,q- We have that 

^ °21''12 ^ ''21°13 , ia3._i _i:23. , i^S. ''23 i 

(yi + a) "11 (zi + /3) "11 = a + ^a"ii /3 "n yi — ^a"ii /3 "n zi + • • • 

'^31'^12 '^Sl'^lS ^32 1 ^^22 ^32 ^22 i 

(yi + a)"'' ^(zi+/3)"'' ~ = (3-!^a~^' P~yi + ^a~^/3~' zi + --- 
Let 

L ia3.„l _i23. . i^33. ''23 l 

■22^a"ll 3 "11 — -222-0, ail /3 "11 

' I, _i^32._i ^^22. , ''22 1 

~aft'^ 1^"" "ll/3"il 
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We must show that C has rank 2. C has the same rank as 

&33/3 -&23a ^ ^ ^33 &23 W /? 
&32/3 -622a / V ^32 ^^22 y V -a 

Since a, /3 7^ 0, C has the same rank as 



Since B has rank 3, 



has rank 2. Since 



j^i _ I ^33 ^23 
^32 ^22 



621 622 &23 
^31 ^32 &33 



621 A ^ / ^22 A _^ ^ / ^23 

^31 y an V ^32 y an V ^33 



we have that B' has rank 2, and hence C has rank 2. Thus xi, y^, zi are regular parameters 
in Oxi,q- We have 

X = x^" , y = ^^21 (yi + a), z = x-^^i (zi + p). 
We have that u = {x"-y^Y. Let 

* = 1 A' 

ana + a2io 

and set xi = xi(yi+a)*. Define y^^ = yi, a = a, /3 = a^"-'^^ 13 and zi = (yj^+a)*"^^ (zi+/3)— /3. 
Then xi,yi,zi are permissible parameters at g, with n = 2;("'^ii+''"2i)'^ 

x = 1 (yi + a)*'^" , y = ^ (yi + a)*"2i+\ z = x^'^' {zi + 

Thus we have shown that there exist (formal) permissible parameters xi, yi, zi at g such 
that 

X = (yi + a)^\ y = xf (yi + a)^^ , z = x^« (zi + /3) 

where 61,62,63 G (5;,/3 G 6 are nonzero, Ai,A2 G Q are both nonzero, and u = x\^\ 
where bi = aei + 662, aAi + 6A2 = 0. We then have an expression 

V = P{xl^'+^''') + xf^'+'^^^G, 

where 

G = {yi + ay^^+'''^^[Toxl''^{zi+^r 

+T2x'f'^''''^^'^-''^'\yi + ay^^^+'^^Hzi + /3)™-2 + • • • 
+r^_ix;-^^^+'^-^^^+^^(yi + a)'^™-iAi+«™-iA2(^^ + ^) 

Al+SmA21 

~\~lmXi yi J. 

Let t' = ro(0, 0,0). Let xf be a generator of I(Dux,q- Let G' = 
If is a local generator of lOjj^^q, then G' has an expression 

G' = T'a^{zi + + 52(^1 + PT-^ + ■■■+ gm-i{z + P)+g^ + xiQi + y^Q^ 

for some Qi € t and ^,1,^2 S ^Ui,q^ where ip = cAi + dX2- Setting F' = G' — G'(xi,0,0), 
and P'(xi) = P(xf 1+''"^) + xfi+'^'^2+'G'(xi,0,0), we have that 

u = xY,v = P'(xi) + i+'^^^+^F' 

has the form ([1]) and crD{q) < ord F'(0, 0,zi) — l<m — 2<m — 1 = (Td{p) since / /3. 
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Suppose that z"^ is not a local generator of lOu-^^q, but there exists some i with 2 < i < 
m — 1 such that TiX^'-y^^z"^~^ is a local generator of IOui,q- Let h be the smallest i with 
this property. Then G' has an expression 

G' = gh{zi + P)"^-^ + ■■■+ gm-i {zi + ^)+gm + xi^i + 2/2^^2 

for some gi t with g^ ^ As in the previous case, we have 

(^d{q) <in — h — l<m — 1 = (7d{p)- 

Suppose that is not a local generator of lOu^^q, and TjX^'y^^z™"* is not a local 
generator of lOjj^^q for 2 < i < m. Then x^^y"^^ is a local generator of IOui,q, G' has 
an expression 

G' = r'^ivi + a)'^+^-^i+^™^2 + 

where = rm,(0, 0, 0) for some VL € Ojj^^q. Suppose, if possible, that ip + r^Ai + SmA2 = 
0. Since (p + r^Ai + SmA2 = (c + r^jAi + (d + Sm)A2, we then have that the nonzero 
vector (Ai, A2) satisfies aXi + 6A2 = (c + rm)Ai + (d + Sm)A2 = 0. Thus the determinant 
a{d + Sm) — b{c + Tm) = 0, a contradiction to our assumption that F satisfies ([2]). 

Now since if + r^Ai + SmA2 / and a ^ 0, we have 1 = ord G'(0, yi, 0) < m, so that 
<7D(g) = < m - 1 = o-d(p). 

Suppose that g G ip~^{p) is a 2-point of ip^^{D). Then there exist (formal) permissible 
parameters xi,yi,zi at q such that 

(44) X = y^l^ ^ ^)ei3 ^ y ^ £621 ^622 ^ ^)e23 ^ 2 = £631 ^632 ^ ^)e33 

where Cij € N, with Det(ejj) = ±1, and d G t is nonzero. We further have 

eii + ei2 > 0, 621 + 622 > and 631 + 632 > 0. 

First suppose that 611622 — 612621 7^ 0. Then g is a 2-point of Dui- 
There exist Ai, A2 G Q such that upon setting 

xi = xi(2;i + q)'^^ and yi = yi{zi + a)^^ , 

we have 
where 

By Cramer's rule, 

r = ± ^ 0. 

611622 — 612621 

Now set zi = {zi + aY — and q = d'' to obtain permissible parameters x\^y\^z\ at q 
with 

X = x^^^ y^^^ , y = x^^^ y^^^ , z = x^^^ y^^^ {zi + a). 
We have an expression 

u = {{xryrnxryrfY = {x\^yff^ 

where ti,t2,ii € Z+ and gcd(ti,t2) = 1- 
We then have an expression 

V = P((x*^y*2)^) +xf"+'^"2i2/f^2+'^'^2^G, 
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X = x^" , 2/ = x^^i , z = xf 1 2/^2 (zi + d)^ 



611 


612 


613 ) 






621 


622 


623 


II 


A2 


631 


632 


633 ) 








where 

l_ rm-ieil+Sm-ie21+e31 rm-iei2 + Sm-ie22+e32/ J_ a\ _1_ ^ ™»'meil+Sme21„ rmei2+Sme221 

~r I m—l-^l i/i I h) ~r 'm-^i ill J 

Let r' = To(0, 0, 0). Let y* be a generator of lOu^^q- Let G' = ^1^. 
If is a local generator of lOu-^^q, then G' has an expression 

G' = t'{zi + a)"" + 52(^1 + a)™"^ + • • • + 5m-i(^ - a) + 5™ + xiJli + yif^a 
for some gi &t and ili,ri2 S ^Ui,q- Let 

1 /)/'T.ceii+de2i cei2+de22/'^\ 

(45) P(x^h= E ^/i. ^(0,0,0)xlyj 



and F' = G' - ■ Set P'{x\'y{') = P{{x\'y\')-i) + P{x\^y{'). We have 

that 

n = {x*^y\^Y\v = P\x\'yl') + x^eii+de2i+s^cei2+de22+t^/ 

has the form ([2]), and (TD{q) = ord -F'(0, 0, zi) — 1 < m — 2 < m — 1 = a d{p) since 7^ a. 

Suppose that is not a local generator of IOui,q, ^^^^ there exists some i with 2 < i < 
m — 1 such that Tix'''^y'^^z'^~^ is a local generator of lOu^^q. Let /i be the smallest z with 
this property. Then G' has an expression 

G' = gh{zi + PT'^ + • • • + 5m + xi^i + y2n2 

for some gi € t with g^ ^ As in the previous case, we have (Td{q) <m — h — \<m — \ = 
<^d{p)- 

Suppose that is not a local generator of lOu^^q-, and TjX^*y*'z™~' is not a local 
generator of IOui,q 2 < i < m — 1. Then x^™-?/''"' is a local generator of lOjj^^q, and 
then C has an expression 

G' = 1 + xiVLi + yiQ.2 

for some VLi,Q.2 £ C'c/^^g. 

We now claim that after replacing G with F = G ,^^^+^,^1+1 i^^+d^ag+t , where P is 

defined by (fl5l) . we have that -F'(0, 0, 0) 7^ 0. If this were not the case, we would have 

= T)et( + + ('^ + '5'")^2i {c + rm)ei2 + {d + Sm)e22 

I aeii + 6e2i aei2 + 6622 

= Det( " + ""^ f + ^^^Detf 

\ a b J \ 621 622 



Since 611622 — 621612 7^ (by our assumption), we get 

= Det 



c + rm d + 
a b 

which is a contradiction to our assumption that F satisfies ([2]). Since F'(0,0, 0) 7^ 0, we 
have that aoiq) = < m — 1 = anip)- 

Now suppose that q is a 2-point of tjj~^{D) with 611622 — 621612 = in 

We make a substitution 

xi = xi (zi + a)"^! , yi = yi (zi + a)'^^ ^ zi = zi 
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where a = a and (/'2 £ Q satisfy 

= a(((Cieii + (^2612 + eis) + 6(((5ie2i + (^2622 + 623) 
= ip\{ae\\ + 6e2i) + 932(0612 + 6622) + 0,613 + fe623. 

We have aen + 6e2i > and aei2 + ^622 > since a, 6 > and by the condition satisfied 
by the e^j stated after dM]). 
Let 

Al = (/?l6ii + (/?26l2 + 613, A2 = ^\&2\ + ¥^2622 + 623, A3 = 991631 + V?2632 + 633. 

Then xi,yi,zi are permissible parameters at q such that 

(46) X = xl'^yl'Hzi + a)^\y = xl^^ y"^'^ {zi + a)^\z = xl^^y^'^izi + a)^^ 

with Al, A2, A3 € Q, and aAi + 6A2 = 0. 

Now suppose that en > and ei2 > 0, which is the case where g is a 2-point of Djj^. 
Write 

u = {{xryrnxryrfY = {<'y{'f' 

where ti,t2,£i € Z+ and gcd(ti,t2) = 1- 
We then have an expression 

where 

G = {zi + ay^'+'^^^[ToxT"''yr'^zi+ar^' 

_^^^^r^2eii+S2e2i + {m-2)e3i ^r2ei2+S2e22 + {rn-2)e32 + a)''2^i+'*2A2 + (m-2)A3 _^ 

+Tm_iXi'"~^''"'*''''""^^^^^''^^?/['""^''^^'^'''""^^^^'*'''^^(zi + a)'^l''™-i+'^2S™-i+A3 
_j_^^2;!|^meii+s„ie2iyr„iei2+s„e22 _|_ Q,^rmAi+SmA2 j 



Let xfyl be a generator of lOu^^q. Let G' = 

We will now establish that, with our assumptions, there is a unique element of the set 
S consisting of z™, and 



{^.n^si^m-i I 2 < i < m and Ti 7^ 0} 

which is a generator of lOu^s'^ thai is, is equal to x\y\ times a unit in Let tq = 

and So = 0. Suppose that x'^^y'^^ z'^~'^ (with < i < m) is a generator of lOu^^q- We have 

Tjeii + 5^621 + (m - i)e3i = s 
^^1612 + Si622 + (m - i)e32 = t 
TjAi + SiA2 + (m - z)A3 = 7i. 

Let 

(47) A 
We have 

(48) A 



611 


621 


631 


612 


622 


632 


Al 


A2 


A3 









Si 






m — i j 
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Let uj = Det(A). 




en 621 

yl = I 1 I I ei2 622 632 

6l3 623 633 



implies oo = Det(A) = ±1. 
By Cramer's rule, we have 




611 


621 


s 


612 


622 


t 


Ai 


A2 




612 


622 


) 


Ai 


A2 





OJ\m 

\ Ai A2 7i / 

tDet ( ] + 7.Det ( 

V Ai A2 y V ei2 622 

Since 611621 — 612622 = by assumption, we have that 

i = m ( sDet ( ) — tDet ( 

In particular, there is a unique element x^^y^'^z^~^ G S which is a generator of IOui,q- 
have x^'y'^'z™'"* = Xit\{zi + a)'^\ 

We thus have that G = xfy*i[5(zi + a)'^'+^^i+'^^2 _^xiJ^i + 7/1^^2] for some l^i, f]2 G Oc/i.g 
and 7^ 5 G t. 

We now establish that we cannot have that 7j+cAi+(iA2 = and "+'^''2i+SyCei2+de22+i 
is a power of We will suppose that both of these conditions do hold, and derive 

a contradiction. Now we know that x'^y'' = a;;"^"+^^2iyaei2+fee22 power of x^/yf . By 
(P7|) . (|i8]) and our assumptions, we have that 




and 



are rational multiples of 

■ h 


Since uj = Det(A) / 0, we have that (c + r^, d + Si,m — i) is a rational multiple of (a, b, 0). 
Thus x'^y'^x^'y^'z™"* is a power of x°'y'', a contradiction to our assumption that F satisfies 

©• 

Let 

1 ;)/'^ceii+(ie2i cei2+rfe22/^\ 
„„rl F' — r" ^(^1 ^1 ) qp+ 

anU ^ — Lt ceii+de2i+s cei2+tie22+f 'J^^'' 

^1 Vl 

P'(x*iy*2) ^ +P(x*iy*2)_ have that 

IX = {x{'y{^Y\v = P'{x\'y{^) + a;^^ii+/^2lyCe2i+de22^/ 
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has the form ([2]) and (Td{q) = < m — 2 = cr£){p). 

Now suppose that q E is a 2-point of iIj~^{D), 611622 — 612621 = in dM]), and 

611 = or 612 = 0. Without loss of generality, we may assume that 612 = 0. g is a 1-point 
of Dij-^, and we have permissible parameters ([^Gj) at q. Since Det(6jj) = ±1, we have 
that 632 = 1, and 611623 — 621613 = ±1. Replacing yi with yi(zi + a)^^ in (|i6|) . we find 
permissible parameters xi,yi,2;i at q such that 

(49) X = xl'^izi + a)^\ y = ^(zi + a)^\ z = xf^'yi, 

with 611, 621 > and a\i + 6A2 = 0. We have 

(aeii+be2i)l h 
U = X\ = Xi 

where 

G = {zi+ q)^^i+'^^2 [Tox^'^yT + r2Xi''^^^+''"'^+('"-')"'^y™-2(zi + aP^^+'^^^ + • • • 
+Tm-ix['-~''''+'"'-''''+''''yi{zi + a)'^— 1^1+^—1^2 
+rmXi™'"+''"'2^(zi + a)^''™^i+^-^2]. 

Since lOij^^q is principal and Tm or Tm-i 7^ 0, we have that 

11 m 21 2g 

generator 

of /Ot/i^g if Tm + 0, and 3,?^— 1^11+^^-1^21+631 ^ generator of l6u^,q if t„ = and 

Tra-\ + 0. 

First suppose that Tm, 7^ so that 

G = 2;?;'"^li+'^'"^2i [^^(^^ ^ ^)(c+r„)Ai+(d+s„)A2 ^ ^^j^ ^ ^^j^^j 

with ^ Qm & ^, ^1,^2 € Oc/i,g- Siuce Ai,A2 are not both zero, aAi + 6A2 = and 
a{d+ Sm) — b{c+rm) 7^ 0, we have that (c-|-rm)Ai-|-((i-|-Sm)A2 7^ 0. Let P{xi) = G(xi, 0, 0), 
and P'ixi) = P{xl'''+^"'') + P{xi). Let 

^' = -^^(G-Pixi)). 

Then 

h 

u = x{ 

V = P'(xi) + <"+'^"2^F' 

is of the form ([T]) with ord F'(0,yi,zi) = 1. Thus aoiq) = < (7d{p)- 
Now suppose that = 0, so that 

G = x;'"-^'"+''"-^'^^+'^^[g„_iyi(zi + a)('=+'^— 1)^2 + ^^^^^ 

with 7^ 5m-i £ 1^ and ili € Of/i.g- Thus cr£){q) = < (Td{p)- 

The final case is when q is a 3-point for ■ip~^{D), so that g is a 3-point or a 2-point of 
Dc/j. Then we have permissible parameters xi,yi,2;i at q such that 

^ _ ^eii„ei2 ^ei3 621 622 -,£23 ^ _ ^631 632 £33 

X — Xi yi z^ , y — Xi z^ ,z — y^ Zi 
with uj = Det(6ij) = ±1. Thus there is a unique element of the set S consisting of and 

{x'^'y'^z"'-' I 2 < i < m and Ti 7^ 0} 

which is a generator x^^y^'^z^^ of lOw^q. Thus aoiq) = if g is a 3-point of Dfj^^. If q 
is a 2-point of Dfj-^, we may assume that 613 = 623 = 0. Then 633 = 1. Since 7^ or 
Tm-i 7^ 0, we calculate that aoiq) = 0. 

□ 
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Suppose that p £ X is a 2-point such that X is 3-prepared at p and (Td{p) = r > 0. 
We can then define a local resolver {Up,Dp,Ip,v^,v'^) as in Theorem 14. 3| where are 
valuations on Up which dominate the two curves Ci, C2 which are the intersection of E 
with on Up (where Dp = Dup + E) , and which have the property that if tt : V ^ Up 
is a birational morphism, then the center C{V, v^) on V is the unique curve on the strict 
transform oi E onV which dominates Cj. We will think of Up as a germ, so we will feel 
free to replace Up with a smaller neighborhood oi p whenever it is convenient. 

If vr : y ^ X is a birational morphism, then the center C(y, z/*) on Y is the closed 
curve which is the center of Vp on Y . We define A(y, Up) to be the image in 1" of C(y xx 
Up, Up) n Tr~^{p). This defines a valuation which is composite with C{Y, z/*). 

We define W{Y,p) to be the clopen locus on Y of the image of points in ir^^{Up) = 
Y ^xUp such that IpOy \ 7r~^ {Up) is not invertible. Define Preimage(y, Z) = it^^{Z) for 
Z a subset of X. 

5. Global reduction of an 

Lemma 5.1. Suppose that X is 2-prepared and p £ X is 3-prepared. Suppose that r = 
anip) > 0. 

a) Suppose that p is a 1-point. Then there exists a unique curve C in Singi{X) 
containing p. The curve C is contained in Sing^{X). If x,y,z are permissible 
parameters at p giving an expression or il5\) at p, then z = z = are formal 
local equations of C at p. 

h) Suppose that p is a 2-point and C is a curve in Sing^{X) containing p. Ifx,y,z 
are permissible parameters at p giving an expression il3\) at p, then x = z = or 
y = z = are formal local equations of C at p. 

Proof. We first prove a). Let Z C Ox be the ideal sheaf defining the reduced scheme 

Sing]^(X). Then IpOx,p = \J {x, ^) = (x, z) is an ideal on U defining Sing;^(C/). Thus 

the unique curve C in Sing]^(X) through p has (formal) local equations x = z = Q aX p. 
At points near p on C, a form (jl4p or (jl5p continues to hold with m = r + \. Thus the 
curve is in Sing^(X). 

We now prove b). Suppose that C C Singj,(X) is a curve containing p. By Theorem 
14.31 there exists a toroidal morphism ^ : Ui ^ U where U is an etale cover of an affine 
neighborhood of p, and D is the local toroidal structure on U defined (formally at p) by 
xyz = 0, such that all points q of Ui satisfy cFD[q) < r. Hence the strict transform on Ui 
of the preimage of C on [/ must be empty. Since ^ is toroidal for D and X is 3-prepared 
at p, C must have local equations x = 2; = 0ory = 2; = 0atp. □ 

Definition 5.2. Suppose that X is 3-prepared. We define a canonical sequence of blow 
ups over a curve in X. 

1) Suppose that C is a curve in X such that t = (To{q) > at the generic point q of 
C, and all points of C are 1-points of D. Then we have that C is nonsingular and 
'^d{p) = t for all p £ C by Lemma \5.1\ By Lemma \5.1\ and Theorem \4.1\ or \4.^ 
there exists a unique minimal sequence of permissible blow ups of sections over C, 
TTi : Xi —?' X , such that Xi is 2-prepared and aoip) < t for all p E 7rj~^(C). We 
will call the morphism tti the canonical sequence of blow ups over C. 

2) Suppose that C is a permissible curve in X which contains a 1-point such that 
'^d{p) = for all p £ C, and a condition 1, 3 or 5 of Lemma \ 3.1(h holds at all 
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p £ C. Let TTi : Xi X be the blow up of C. Then by Lemma Xi is 

3-prepared and (Td{p) = for p G t:^'^{C). We will call the morphism tti the 
canonical blow up of C . 

Theorem 5.3. Suppose that X is 2-prepared. Then there exists a sequence of permissible 
blowups Tp : Xi —7- X such that Xi is prepared. 

Proof. By Proposition 13.13] there exists a sequence of permissible blow ups X^ — > X such 
that X^ is 3-prepared. Let r = r£){X^). Since X^ is prepared if r = 0, we may assume 
that r > 0. Let 

To = {p E X° I X° is a 2-point for D with ctd(p) = r}. 
For p G To, choose {Up, Dp, Ip, v^, u^). Let Tq be the union of the set of curves 
{C{X^, v^p) I p G To and aoiv) = r for r/ G C{X'^, Vp) the generic point} 

and any remaining curves C in Sing^(X'^) (which necessarily contain no 2-points). 

By Lemma |5. 11 all curves in Sing^(X'') are nonsingular, and if a curve C in Singj.(X'^) 
contains a 2-point p G Tq, then C = C{X^ , Vp) for some j. 

Let Yq — )■ X^ be the product of canonical sequences of blowups over the curves in Fo 
(which are necessarily the curves in Sing^(X'^)), so that Yq \ UpgToW^(^OiP) is 2-prepared, 
and aoiq) < r for g G Fo \ ^p&ToW {Yq,p). 

Let lo,i — >■ 5^ be a torodial morphism for Dy^ so that the components of Dy^ ^ containing 

some curve C{Yo,i-,t^p) for p £ Tq are pairwise disjoint, and if p G Tq, then W{Yq^i,p) is 
contained in C(lo,i) ^p) U CiY^^i, v^) U Preimage(lo,i)P)- 

Let E he a. component of Dy^ ^ which contains C{Yq^i, Vp) for some p G To and some j. 
Then there exists yo,2 — > ^0,1 which is an isomorphism over Yq,! \ E f^ {Up^ToW{Yo,i-,p))-, 
is toroidal for Dq over W{YQ^i,q) fl £' for g G Tq, is an isomorphism over C{Yo,i-,T^q) \ 
Preimage(g) for all q (z Tq, and so that if E is the strict transform of E on lo,2) then for 
p G To, one of the following holds: 

(50) WiYQ^2,p)riE = (!) 
or 

There exists a unique j such that 

WiYQ,2,p) nE C CiYQ^2,i^'p) CE, 
and 

if Pj = A(lo,2, i^p), then C(lo,2, J^p) is smooth at pj, 

(51) and either pj is an isolated point in Singx(yo,2) or C{Yq^2,i^p) 

is the only curve in Sing]^(lo,2) which is contained in E and contains pj, 
and 

Pj G C(lo,2, i^p/) for some p' G To implies 
CiYQ,2,i^^,) = CiYQ,2,4)- 
We further have that 10,2 \ ^p^TqW (Yq^2, p) is 2-prepared, and aoiq) < r for g G 

5^0,2 \Up6ToVF(yo,2,p). 

Now repeat this procedure for other components of Dy^ ^ which contain a curve C{Yq^2, ^p) 
for some j to construct Iq.s — ^ ^0,2 so that condition ([50]) or ([5T]) hold for all components E 
of T)y(, 3 containing a curve C(yo,35 ^p)- We have that 10,3 \ ^p&To^ (XofiiP) is 2-prepared, 
and (JD{q) <r ioT qe 1^0,3 \ UpeTo^(^o,3,p)- 
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Now, by Lemma 13.41 let ^0,4 ~^ ^0,3 be a sequence of blow ups of 3-points for D and 
2-curves of D on the strict transform of components E oi D which contain (7(10^3, Up) for 
some p S To, so that if is a component of -Dyo,4 which contains a curve C(yo,4) ^p)^ then 
10,4 is 3-prepared at all 2-points and 3-points of E. We have that lo^4 \ Upgro^(lo,4)P) 
is 2-prepared, and OD^q) < r for g € ^0,4 \ UpgTo^(lo,4iP)- We further have that for all 
P G To, ([50]) or dnH) holds on ^. ' 

Now let be a component of Dy^ 4 which contains a curve C(lo,4i ^p)- Since one of the 
conditions (fSOj) or ([ST]) hold for all p G To on E^ we may apply Proposition 13.141 to E and 
the finitely many points 

A = {q ^ E \ lo,4 is not 3-prepared at g}, 

which are necessarily 1-points for D, being sure that none of the finitely many 2-points 
for D 

B = {A(yo,4, J^^) I P G To} 

are in the image of the general curves blown up, to construct a sequence of permissible blow 
ups lo,5 — ^ lo,4 so that lo,5 — ^ ^0,4 is an isomorphism in a neighborhood of Up^T^W {YqaiP) 
and over yo,4 \ and Yq.s is 3-prepared over E \ ^p^To^O^QA^i^p)- We have that Iq.s \ 
UpeToW^(lo,5,?') is 2-prepared, and aoiq) < r for g G lo,5 \ UpgTo_M^(lo,5,p)- We further 
have that for all p € To, (150p or (I5ip hold on the strict transform ii^ of T' on Iq.s- 

Now repeat this procedure for other components of Dy^ 5 which contain a curve C(lo,5) i^p) 
for some j to construct Xi 10,5 so that Xi is 3-prepared over E \ UpgTo^(lo,5) ^^p) for 
all components E of Dy^^^ which contain a curve C{YQ^^,Vp) for some p G To. We then 
have that the following holds. 

1.1) Xi is the canonical sequence of blow ups above a general point of a curve 
in Fq (so that cr£){r]) = r). 

1.2) Xi^ X° is toroidal for Dp in a neighborhood of W{Xi,p), for p S Tq. 

1.3) Xi \ Up:^ToW{Xi,p) is 2-prepared and aoiq) < r for g G Xi \ UpgToW^(-'^i)P); 

1.4) If p G To then (Td{q) < r — 1 and Xi is 3-prepared at q for 

G C(Xi,i/^) \ Up,^^^|^(^^^^.)^p(^^^^..) for some Primage (Xi,p')- 

1.5) Let 

2-points q for D of 
^ ^ I C(Xi,z.^) \ Up,g^^|c(^^^^.)^c(^^ for sojne A:Preimage(Xi,p') 

such that cr£){q) > and such that p G To with 
(T£)(t/) = r — 1 for r/ G C(Xi, Vp) the generic point. 

Xi is 3-prepared at p G Ti. For g G Ti, choose (C/g, T'g, /g, , z^g). We have 
< aoiq) < r — 1 for g G Ti. 

1.6) Suppose that p G Tq and C{Xi,Vp) is such that o"£)(r/) = r — 1 for 7/ G C(Xi,fp) 
the generic point. Then aoig) = r — 1 for q G C(Xi,fp) \ Up/gToUTi W^l-^^iiP')- If 
g G TqUTi and W{Xi,q) nC{Xi,4) + 0, then C(Xi,i/|) = C(Xi,zy*) for some i. 
(This follows from Lemma |5 . 1 1 since (JniQ) < r — 1 for (7 G Ti.) 
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Now for m > r, we inductively construct 
(52) 

Xm,r-1 —>■•••—)• Xra,0, — ^ • • • — ^ Xr+l,r-l — ^ • • • — > ^r+1,0 

Xr,r-1 — >■ Xr,r-2 —>■•••—>■ ^ -'^r--l,r-2 —>■••• ^ ^3,0 " >■ -^^2,1 — ^ -^^2,0 " >■ -'^l.O = ^1 ^ -'^'^ 

SO that 

2.1) Xi^o = Xi is the canonical sequence of blow ups above a general point rj of 
a curve in Tq (so that crr,{r]) = r), and for i > 0, 

-^^1+1,0 -> ^i,mm{i-i,r-i} 
is the canonical sequence of blowups above a general point r/ of a curve C'(X^ 
with p G To and such that (Jd{v) = niax{0, r — z}, 

and the following properties hold on 

2.2) Xj^/ Xj fc is toroidal for Dp in a neighborhood of W{Xi^i,p), for p € Tj^^ with 
Tj^k = 2o, or 1 < j < z — 1 and < A; < min{j — 1, r — 1}, or j = i and < A: < ^ — 1. 

2.3) Xi,AU / mino-i,.-i}^ V .-i ^ is 2-prepared and aoiq) < 

2.4) If ^? G To then (Td{t]) < max{0, r — for 77 G C{Xi^i,Up) the generic point, and X^^i 
is 3-prepared at q for 

g G C{Xi^i,i^l) \ Up/gnPreimage(Xj_i,p'), 

Where 

= {i?' G Tou(u5-l U^o^^^-'''-'^ T,-fc)u(u^-ioTi,„) I C(Xi,,, i^i) = C{Xi,i, u';,) for some k}. 

2.5) We have the set 

2-points q for D of C{Xi^i,ij,) \ Up'^nPTeimage{Xi^i,p') 

where Q = 

{p' G To U (u;-\ U^o^^^-'-'-'^ T,-fc) U (u'-ioT,,„) I CiXi,i,4) = CiXi,i,iy^,) for some k} 
such that (TD^q) > and such that j» G To with 
cr£)(rj) = max{0,r — i} for r/ G C{Xi^i^Vp) the generic point. 

is 3-prepared at j3 G Tj^;. We have local resolvers {Up, Dp, /p, i/^, z/^) at p G Tj^;. 
We have max{l, r — 1} < aoiq) <i — Z — 1 for G Tj 

2.6) Suppose that p G Tq and C{Xi^i,Up) is such that aD{r]) = max{0, r — i} for 77 G 
C{Xi^l,i/p) the generic point. Then cr£)(g) = max{0, r — i} for 

gGC(Xi,i,i.^)\U ^ / , , mino-i.-i}^ \ / . ^ T^(Xi,i,p')- 



T,: , = <^ 



Further, 

a) Ifq G Tou(u;-\ U^^o^'''^"'^ Tj,k)^(u'-JoTi,n) andW{Xi^i,q)nC{Xi^i,4) / 
0, then C{Xi^i,Up) = C{Xi^i,Vq) for some k. 

b) If g G Ti^i and gr G C(Xj_i, v^), then either C(Xi^;, i/j^) = C{Xi^u ^q) for some A; 
or max{0, r — i} < C7£)(g) < r — I — \. 
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Note that the condition ^^crj:){q) > 0" in the definition of Tj.; is automatically satisfied 
if ? < r. If / = min{i — l,r — 1}, condition 2.6) becomes "Suppose that p £ Tq and 
C{Xi^l,i'p) is such that crD(ry) = max{0, r — i} for rj S C{Xi^i,Up) the generic point. Then 

if <7 G To U (u}-\ U'^^o^'-^'''-^^ Tj^k) U (uLo?*,n) and W{X,^i,q) n C(X,,;,z.|) / 0, then 

C{X,^u4) = C{X,^uvl) for some K\ 

We now prove the above inductive construction of ([52]) . Suppose that we have made 
the construction out to Xi^i. 

Case 1. Suppose that I = min{i — 1, r — 1}. We will construct Xj+i^o — ^ min{i-i r-i}- 
First suppose that r > i. Let Yi Xi^i^i be the product of the canonical sequences of 
blow ups above all curves C(Xj_j__i, Vp) for p € Tq such that (7d{i]) = r — i at a, generic 
point r] € C{Xi^i, Vp). This is a permissible sequence of blow ups by the comment following 
2.6) above. We have that li \ U / min/ _i \WO^i-,p) is 2-prepared, and 

o"D(g) < r for g G \ U / . mim,-i r-n Further, Xi i^i is 

toroidal for Dp in a neig hborhood of W{Yi,p) for p € Tq U (uj^^ U™™^^' T,- fc) . 

Now suppose that r < i. On Xj^^-i, we have that (7d{q) = for p € Tq and g G 
C7(X,,,_i,z.^) \ U ^ / mino-i,.-i} \W{Xi,r-i,p'). By Lemmas [321 [SlOl [SH] 

and l3.12[ there exists a sequence li — ?• Xj^^-i of blow ups of prepared points on the strict 
transform of curves C{Xi^r-i,i^p) with p £ Tq, followed by the blow ups of the strict 
transforms of these C{Xi^r-i,'^p), so that for p € Tq, crniQ) = at a point q of C{Yi,Vp), 
Yi\ / mim,-ir-n \ W{Yi,p) is 2-prepared and aoiq) < r for 

Further, Yi — > is toroidal for Dp in a neighborhood of W{Yi,p) for p G Tq U 

/ i min{i-i,r-i} rp \ 

From now on, we consider both cases r > i and r < i simultaneously. Let l^^i — >■ 1^ be 
a torodial morphism for D so that the components of D containing some curve C{Yi^i, Vp) 

for p G TqU (^^j=i U™^^^"' ^'^ '^j,kj are pairwise disjoint, and if 
P e U / , \W(Yii,p') 

then VF(yj,i,p) is contained in C{Yi^i, Up) U C{Yi^i,Up) U Preimage(yj,i,p). 

Let be a component of D on l^^i which contains C(li^i, f^) for some a G Tq and some 
j. Then there exists Yi^2 ~^ which is an isomorphism over 
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is toroidal for Dq over W{Yi^i^q) fl E' for g € Tq U \y]=i U™^^^"' '^j,kj ■• is an isomor- 

phism over CiYi^i, v^) \Preimage(yj^i, q) for all g € Tq U {y]=i U™'^J^^"' ^'"^ ; ^'^d so 

that if E is the strict transform of E on 5 then for p € Tq U (^U*-^]^ U™™^'' '^j,k^ ) 

one of the following holds: 

(53) VF(yi,2,p)nE = 

or 
(54) 

There exists a unique j such that 

H^(i1,2,p)n;Ec C(yi,2,i/^) c:e, 

and 

if Pj = A(yj_27 i^p)) then C(yj^2; ^^p) is smooth at pj, 

and either pj is an isolated point in Sing;^(yj^2) or C{Yi^2,i^p) 

is the only curve in Sing]^(l^ 2) which is contained in E and contains pj, 

and 

G C'(yi,2,z^^,) for some p' G Tq U (uj^i U^'g^^-'"'''^-'^ T.-fc) implies C7(yi,2, i^^^,) = C{Yi^2, 
We have that y^ 2 \ U / min/ _i \l^(^i2;P) is 2-prepared, and (Joiq) < r 



Now repeat this procedure for other components of D for Yi^2 which contain a curve 
C{Yi^2-,^'a) with a G To for some j to construct y^^a ^ yj^2 so that condition ([53]) or 
hold for all p € Tq U ( U*-^]^ U™^^"' ^'^ '^j,k) and components E oi D for l^^s containing 



a curve C(yj^3, z/^) with a G Tq. We have that y^.sVU / ^ mino-i,r-i} \ ^(^i,3,p) 



is 2-prepared, and aoiq) < r for g E y^^a \ U / , niinf,-i r-n \ W^(^i,3,p)- 

Now, by Lemma 13.41 let ¥1^4^ — > y^^a be a sequence of blow ups of 2-curves of D on 
the strict transform of components E oi D which contain (7(1^^3,1^^) for some a S Tq, 
so that if is a component of Dy^ which contains a curve C(li^4,z>a) with q € Tq, 
and if p G \ U / mm/ , ,i \A(yj 4,2^5) is a 2-point, then p is 3-prepared. 



We have that yi,4 \ U / . mimj-ir-n \^(^j,4,p) is 2-prepared, and aoiq) < r 
for Q G y 4 \ U / mmr i n \W{YiA,p). Wc furthcr have that for all p G 

To U (u;.^i U™ o""^^"^'""^^ TjA , ([53]) or (IMl) holds on E. 



Now let ii^ be a component of D for li^4 which contains a curve C(li^4, f^) with a G Tq. 
Let 

r = {(7 G [ yj,4 is not 3-prepared at q}. 

If r < i, let 

1-points q oi D contained in E such that | 
q G C(yj^4, Vp) for some p G Tq and (T£)((7) > J ' 
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Since one of the conditions §3i) or §^ hold for all p G Tq U (u]^^ U™™^^' ^''^ Tj^k) 

on E, we may apply Proposition 13.141 to E and the finite set of points ^ = T, if r > i or 
A = T L)T' r < i, which are necessarily 1-points for D lying on E, being sure that none 
of the finitely many points 2-points of D 

B = {A(y,4, vr) I p e To u (u;=i dZT'-''""'^ } 



are in the image of the general curves blown up, to construct a sequence of permissi- 
ble transforms l^^s — ?• li^4 so that l^^s Yi^4 is an isomorphism in a neighborhood of 
U / minf,-i r-i; \ ^O^iA^P) and over 1^ 4 \ E, and 1^,5 is 3-prepared over 



.„,Y, . mino-i.r-1}^ aM^M'^p) 



We have that ^1,5 \ U / , mim,-ir-i; \^(^i,5,p) is 2-prepared, and aoiq) < 



r for g G yi,5 \ U / , mino-i,.-!}^. \^0^^,5,P)■ If r < i and p G Tq, then 

(^d{q) = if g G C{Yi^Q,iyp) is a 1-point for D. We further have that for all p G 

To U (u)^^ U™^^^^'"^"''"^^ T,- fc) , ([53]) or (IMD hold on the strict transform E E on Yi^5. 

Now repeat this procedure for other components of Dy. g which contain a curve (7(1^^5, fa) 
with a G To for some j to construct Xi^i^ — )• l^^s so that Xj+1^0 is 3-prepared over 
£^ \ U / mlnr i n \ M^i 5, fp) for all componeuts E ol D for yj 5 which con- 



T 



tain a curve C(yi^5, z^q) with a G Td. 
Let 

2-points q for T* of C(Xi+i_o, i^p) \ Up'gf7Preimage(Xj+i,o,p') 
where $7 = 

i+1,0 =S {p' G To U (u;.^i U'^^o^'-^'"'^^ Tj^k) I C(X,+i,o, i^^) = C(X,+i,o, i^^O for some / 
such that (TD{q) > and such that p (zTq with 
, (^D{rj) = max{0, r — i — 1} for r/ G C{Xi^ifi, Vp) a general point. 

XiJ^ifi is 3-prepared at a point g G Tj+i^o- For q G T^+i^Oi choose a local resolver 
{Uq, Dq, Iq,iJg,i''^). Then satisfies the conclusions 2.1) - 2.6). 

Case 2 Now suppose that I < min{i — l,r — 1}. We will construct Xi^i. Let 

be the set of points q G Tj / such that q is contained in a curve C{Xi i,Vp) where p G Tq 
and o"£)(r/) = max{0, r — i} for 7/ G C(Xj f^) a general point. By condition 2.5) satisfied 
by Xi^i, 

(55) max{l, r — i} < croiq) < r — I — 1 

for (7 G ri. Let K — )■ Xj ^ be a morphism which is an isomorphism over / \ Q and is 
toroidal for Dq above q € Cl and such that C{Y, Up) n W{Y, g) = if C(y, i^^) is such that 
p G To, (Td{v) = niax{0, r — i} if 77 G C(y, fp) is a general point, and C{Y, v^) 7^ C(y, f^) 
for any k. For such a case we have by ([55]) . that cr£){q) < max{0, r — Z — 2} if q = A(y, i/p). 
Now we may construct, using the method of Case 1, a morphism Xi^i^i Y such that 
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^i.i+i — ^ ^1,1 is toroidal for D above Xij \r2, and the conditions 2.2) - 2.6) following (j52p 
hold. This completes the inductive construction of (j52p . 



For m sufficiently large in (f52]l . we have that for p £ Tq, IpOxm,r-i,v locally principal 
at a general point rj of a curve C{Xm,r~i, t'p)- 

After possibly performing a toroidal morphism for D, we have that the locus where 
Ip{Ox^ r-i\^^^^^^&^i-^rn,r-i,Up)) is not locally principal is supported above p for p G 
Tq. Thus toroidal morphisms for Dp above Preimage(Xm,r-i5 C^p) which principalize Ip 
above Up for p £ Tq extend to a morphism Xm,r-i which is an isomorphism over 

Xm,r-i \ UpgToPi"eimage(Xm^r-i5P)- We have that W{Z^,p) = for p € Tq. We have 
that Z^ is 2-prepared at q G Z^ \ U min{j-i ,—1} ^{^^iP) ^iid (7D{q) < r — 1 for 

If r = 1, then Z^ is prepared. In this case let Xi = Z^. Suppose that r > 1. Let Z| — > 
Z^ be a toroidal morphism for D so that components of D containing curves C{Z\, Up) for 
p G ^min{i-i,r-i} pairwise disjoint, and that if p G UjLi u™\^^^"^'''"^^ 

then W{Zl,p) is contained in C(Z|, u^) U C(Z|, f^) U Preimage(Z|,p). 

Let be a component of D on Zl which contains C{Z\,v^) for some p G U^j^U™™^"' ^'^ 
Tj fc or contains a point q £ E\(J mino-i r-n ^i^hp) such that (JD{q) = r — 1. 

Then there exists — )■ Zl which is an isomorphism over 



is toroidal for D„ over is an isomorphism over 

C{Z\,ui) \ Preimage(Z|, g) for all q G ^^=1 U™^J^^"' ^'^ Tj^fc and factors as a sequence 
of permissible blow ups of points and curves 



zl = zY ^ z^-^ ^ • • • ^ zY ^ 



such that the center blown up in z}^^ — )• Z2'* ' is a curve or point contained in Wi^z)^^ ^ ,p) 
for some p G ^JLi U™™^'' "^'^ Tj^i, and so that if E is the strict transform of on Z^, 
then for p G U"L]^ U™'j|'^"' Tj^^, one of the following holds: 



(56) WiZlp)nE 
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or 
(57) 

There exists a unique j such that 

W{Zlp)nE c c{z^,4) c E, 
and 

'dpj = A(Z2,fp), then (7(^2, fp) is smooth at pj, 

and either pj is an isolated point in Sing^(Z2) or C{Z2, Vp) 

is the only curve in Sing]^(Z2) which is contained in E and contains Pj, 

and 

Pj G C{Zlvl,) for some p' £ UJL^ ^ramj-i,r-i} ^ .^^^.^^ CiZli^^,) = C{Zl, 
and 

If 7 is a 2-curve of D on which contains Pj, 
then aoiq) < r — 2 for g G 7 \ {Pj}- 

Note that no new components of D containing points 



with aoiv) = r — 1 can be created as 

e U ,mino_i,.-i,^ (Preimage(4, W{Zlp)) \ W{Zlp)) 

implies (Td{(1) < r — 2. 

We further have that Z2 is 2-prepared at g G \ U minij-i r-n ^i^hp) 

aoiq) < r - 1 for g G \ U niino_i,.-i}^ 

Now repeat this procedure for other such components E of D for Z2 which contain 
C(Z|, i^i) for some p G U^;^ U™^|^^-' ^'^ Tj^^ or contain a point 

gG£;\U mino-i.-n W{Zlp) 

with cr£,(q) = r — 1 (which are necessarily the strict transform of a component of D 
on Z|) to construct Z| ^ so that for all p G ^JLi U™^^^"' ^''^ '^j,k, condition 
(j56p or (j57p hold for all components E of D for Z3 which contain C(Z|,fp) for some 



peUf^^U^f^^ ^^Tj- fc or contain a point g G £;\U mino-i r-n W{Z^,p) with 

(7D{q) = r — 1. We have that Z^ is 2-prepared at g G Z| \U mino-i r-n ^i^hp) 

and afl(^) < r - 1 for ^ G \ U ,mino-i,r-i}„ W{Zlp). 

Now by Lemma 13.41 we can perform a torodial morphism for D (which is a sequence 
of blowups of 2-curves for D) Z\ — )• Z3, so that we further have that if G is a com- 
ponent of D^i containing a curve C{Zl,p) for some p G ^JLi U™^^^"* ^'^ Tj^k or 
G \ U min{j-i r-n ^i^hp) contains a point q with (TD{q) = r — 1, then Z| is 3- 

prepared at all 2-points and 3-points of G. We further have that for all p G U^Lj^U™™^'' ^'^ 
561) or (ETl) holds on G. 
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We now may apply Proposition 13.141 to the union H of components E oi D for Z\ 

containing a curve C{Z\,v^) for some p G ^^=i U™^x^^'' ""^'^ '^j,k^ or containing a point 
q with (Td{q) = r — 1 with 

A = {g S I Z4 is not 3-prepared at q (which are necessarily one points of D)} 

being sure that none of the finitely many 2-points for D 

B = {K{zly^) I p G 1 u^jf r,,,} 

are in the image of the general curves blown up, to construct Z\ so that X^ 

is 3-prepared over E' \ U mm/ 1 ix ^{^^ for all components E of D for 

X^ which contain a curve CiX^jul) for some p G U™™^"' ^'^ ^i.fci or contain a 

point q G X"*^ \ U min{j-i r-i} ^i^^^P) with ctd{q) = r — 1. Further, for all 

p G UjL]^ U™™^"' ^''^ Tj^fc, condition ([56]) or ([57|) hold on components F oi D for 
containing a curve C{X^, Vp) or a point q G \ (U min{j-i r-i} '^{^'^ tP)) such 

that (Td{(i) = r — 1. 

We now have (using Lemma l5.ip the following: 

3.1) X^ is toroidal for Dp for p G Tj^k with l<j<m, 0</c< min{j — 1, r — 1} 
in a neighborhood of W^(X^,p). 

3.2) \ U ^ min{i-i,.-i} is 2-prepared and aoiq) < r - I for q G 

3.3) Suppose that 1 < r. Then 

a) X^ is 3-prepared at all points 

q G \U^,,,,^^,mmo-...-.>^^.^l^(^,,.).^^^ for some /-i--g-(^^^'') 

forpGU-,U--^-^-^>T,.. 

b) X^ is 3-prepared at all points of 

(^^U nrino-..-.)^ W{X\p)) n^^ng^_,{X'l 

and if C C Sing^_x(^"'^) is not equal to a curve C{X^,Vp) for some p G 
U- , U^io^^^-^''--^^ T,- then 

3.4) Suppose that 1 < r. Let 



r 2-points ^7 of \ U mino-i .-n 

such that (JD{q) = r — 1. 
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For p € Tq, let {Up^Dp,Vp,Vp) be associated local resolvers. Let Fi be the union 
of the curves 

f C{X\iyi) such that p G (u^"li uZ^^''^'''^^ Tj^k) U 1 
[ and cr£){r]) = r — 1 for r] € C(X^, fp) a general point J 
and any remaining curves C in 

Sing,_,(Xi \ (u™ 1 u^io"^^-^'^-^> T,,,) U To^) 



(which are necessarily closed in and do not contain 2-points) 
3.5) Suppose that 1 < r. Suppose that 

(w"^ I |min{i-i,r--i} \ . .rpi 



and C{X^,Vp) is such that aoirj) = r — 1 for G C(X^,t'p) the generic point. 
Then anio) = r — 1 for 

Further, if g G {yf^^ U™™^'''"^'''"^^ T,-fc) UT^ and W{X^ ,q)f^C{X^ ,u\,) ^ 0, then 
C(X\z^^) = C(Xi,z^J) for some n. 

Now we proceed in this way to inductively construct sequences of blow ups for < j < 
r — 1 (as in the algorithm of (j52p ). where we identify with Xi^i, 



(58) 



-^mj,r-j-l ■ ■ ■ ^ -^rrijfi ' ' ' ^ -'^r-j.r-j-l ^ ' ' ' ^ -^r-j,0 ~^ -^r-j-l,r-j-2 
■■■ ^ ^3,0 ^2,1 ^2,0 ^1,0 

and 

(59) X^ ^ Xl-'^^^^_^_, 

for 1 < j < r (as in the construction of X^) such that for 1 < j < r, 

4.1) X^ Xi~^ is toroidal for Dp for p G T^'^^ with 1 < i < mj-i, < /c < 
min{i — 1, r — j} in a neighborhood of W{X^ ,p). 

4.2) \ U min{»-i,r-j} is 2-prepared and aoiq) < r - j for g G 



4.3) Suppose that j < r. Then 

a) X-' is 3-prepared at all points 

q e C{X^ ,iy^)\U ^. , , Preimage(X-^',p') 

^ p'eu™V u™o^'-''''~^*7f-V{xi,i.*)=c{xi,,.;,) for some / ^ ' 

for » G U""^-' L,min{i-i,r-i} ^.j-i 

b) X^ is 3-prepared at all points of 

X^\U , ^i^,. , ^ ,M^(X^p) ) nSing^_,-(X-''), 
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and if C C Sing,._j(X^) is not equal to a curve C{X^,Vp) for some p G 

4.4) Suppose that j < r. Let 

r 2-pointsgofX^ -U I 

such that aoiq) = r — j J 

For p G Tq , let (C/p, Dp, f^, Up) be associated local resolvers. 
Let Fj be the union of the curves 

1 C(X^ such that p G {UTS\UZ^^'-''^-'^ T^-') U T^' 1 
[ and o-oirj) = r — j for G C{X^ ,Vp) a general point J 
and any remaining curves C in 

Sing,_,(X^- \ (urjf^ u^Jo"^^-^''^-^} 7^-^) U T^) 

(which are necessarily closed in and do not contain 2-points). 

4.5) Suppose that j < r. Suppose that 



and C{X^,Up) is such that (Jd(?7) = r — j for 77 G C{X^,Up) the generic point. 
Then ajji^q) = r — j for 



Further, if q G (u::^:^ U^^o^'-''"^-'^ U ^ and g) n C(X^ 4) ^ 0, 

then C{Xi,vl) = C{X^, u^) for some n. 

For 0<j<r — 1, 0<i< and < A; < min{i — l,r — j — 1}, 

5.1) XIq ^ X^ is the canonical sequence of blow ups above a general point ry of a curve 
in Fj (so that <7d(?7) = r — j), and for i > 0, 

^ i,min{i-i,r-j-i} 
is the canonical sequence of blow ups above a general point r/ of a curve 

^^'^lmm{i-i,r-j-iy 
with p G (u^^ff ^ uZo^'-'''-'^ T^-') U and aoiv) = ma^{0, r-i- j}, 

and the following properties hold. Let 

Si, = {uZ-^ u^Sr-^'"-^^ (u;-} u^^r-'"-'-'' u (u'^^Q . 
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5.2) is toroidal for Dp in a neighborhood of W{X^f^,p) for p G Sjj^ (with 

5.3) Xl^(U^^g, W{xl„p)) is 2-prepared and aoip) < r-j for q € 4,\(Upg5^;^.^(4fc. 

5.4) If p G hTj{' U'^^Q^^'^''''^^ T/~^) U TJ, then aoiv) < max{0,r - i - j} for 



t] € C{Xlf,, Up) the generic point and is 3-prepared at q for 

1 e \ Up,e5. jc(x(„.,fc)=C(x^;„.;,) for some /Preimage(Xf_^,p')- 

5.5) We have the set 

2-points q for D of 



, u^) \ Up,eoPreimage(Xf ^,p'), 



whereJ] = {yG5/fc | 



C{Xlf^,uL) for some /} 



such that (JD{q) > and such that 
„ p A m-i I |min{«-i,r-j} ^j-A , , 

with a oil]) = max{0, r — i — j} for G C(X^^, t'p) the generic point. 
Xj^^ is 3-prepared at p € T-j^. We have local resolvers {Up, Dp, Ip, Vp, Vp) at p G T^^. 

i,k ' 



We have max{l, r — i — j} < croiQ) <r— j — k— liorqG T- 



5.6) Suppose that 

and C{Xjj^, Vp) is such that (yniv) = niax{0, r — i — j} for t] ^ C(X|^, i/^) a general 
point. ThenaD(g) =max{0, r-i-j} for gGC7(X/^,zy^)\(u , W{Xl^,p')) 
Further, 

a) If g G Si, and W{Xl,, q) D C{Xl„ v^) + 0, then C(Xf;,„ v'p) = C{Xl„ v^) 
for some n. 

b) If g € and q G C(X^^, z^^), then either C(X^^, z.^) = v"^) for some 



n or 



max{0, r — i — j} < fT£)((7) < r — A; — j — 1. 



By the definition of Tl, in 5.5) above, we have that U^^^ U^'q^^*-''^-^'^ I^', ^ = 0. Thus 
4.2), following (f59|) . implies that X** is prepared. 

□ 

6. Proof of Toroidalization 

Theorem 6.1. Suppose that t is an algebraically closed field of characteristic zero, and 
f : X ^ S is a dominant morphism from a nonsingular 3-fold over t to a nonsingular 
surface S over t and Ds is a reduced SNC divisor on S such that Dx = f^'^{Ds)^^^ is a 
SNC divisor on X which contains the locus where f is not smooth. Further suppose that f 
is 1-prepared. Then there exists a sequence of blow ups of points and nonsingular curves 
7r2 : Xi — > X , which are contained in the preimage of Dx, such that the induced morphism 
fi : Xi S is prepared with respect to Ds- 

Proof. The proof is immediate from Lemma 12. 2| Proposition 12.71 and Theorem 15.31 □ 
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Theorem 16.11 is a slight restatement of Theorem 17.3 of [15]. Theorem 17.3 [15] easily 
follows from Lemma 12.21 and Theorem 16.11 

Theorem 6.2. Suppose that t is an algebraically closed field of characteristic zero, and 
f : X S is a dominant morphism from a nonsingular 3-fold over t to a nonsingular 
surface S over t and Ds is a reduced SNC divisor on S such that Dx = /^^(^s)red 
a SNC divisor on X which contains the locus where f is not smooth. Then there exists a 
sequence of blow ups of points and nonsingular curves 7r2 : Xi — > X, which are contained 
in the preimage of Dx , and a sequence of blow ups of points vri : 5i — t- 5" which are in the 
preimage of Ds, such that the induced rational map fi : Xi Si is a morphism which is 
toroidal with respect to Dsi = 'Jt^^{Ds)- 

Proof. The proof follows immediately from Theorem 16. H and Theorems 18.19, 19.9 and 
19.10 of dS]. □ 

Theorem 16.21 is a slight restatement of Theorem 19.11 of [13]. Theorem 19.11 [15] easily 
follows from Theorem 16. 2[ 
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